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Abstract: Let G be a connected reductive group over the complex numbers and let T ⊂ G be
a maximal torus. For any t ∈ T of finite order and any irreducible representation V(λ) of G of
highest weight λ, we determine the character ch(t,V(λ)) by using the Lefschetz Trace Formula due
to Atiyah-Singer and explicitly determining the connected components and their normal bundles
of the fixed point subvariety (G/P)t ⊂ G/P (for any parabolic subgroup P). This together with
Wirtinger’s theorem gives an asymptotic formula for ch(t,V(nλ)) when n goes to infinity.

1. Introduction

Let (G, B,T ) be a triple consisting of a connected reductive algebraic group G over C, a Borel
subgroup B containing a maximal torus T . Their C-points are denoted by the same symbols, i.e.,
T = T (C) etc. Let λ : T → C× be a dominant integral weight, and (πλ,V(λ)) the associated highest
weight representation of G with character Θλ : G → C. The character Θλ : G → C is a function
of λ as well as that of g ∈ G which is determined by its restriction to T . In this paper, we study
the asymptotic behaviour of Θλ(t) as a function of λ for a fixed t ∈ T of finite order. For example,
if t = 1, Θλ(1) = dim πλ, which by the Weyl dimension formula is a polynomial function in λ of
degree equal to dim(G/B). At the other extreme, if t ∈ T is regular (and of finite order), then Θλ(t)
is a piecewise constant function of λ, an assertion which the reader will immediately recognize as a
consequence of the Weyl character formula. The aim of this paper is to prove, more generally, that
if t ∈ T is an element of finite order then Θλ(t) is a piecewise polynomial function in λ of degree
which is bounded above by the dimension of the maximal unipotent subgroup of the centralizer
Gt = ZG(t), a possibly disconnected reductive subgroup of G. Furthermore, in some situations, we
prove that the bound is achieved (see Corollary 1.2).

The paper is inspired by some works of the second author with other collaborators, cf. [P],
[NPP], as well as [AK] for classical groups, in which they calculate Θλ(t) for t ∈ T , a power of the
Coxeter conjugacy class (which is the unique regular conjugacy class in the derived group of G of
minimal order in the adjoint group, equal to the Coxeter number of the corresponding Weyl group),
and find that Θλ(t) is either zero or is, up to a sign, the dimension of an irreducible representation
of the identity component (Gt)o = ZG(t)o of the centralizer Gt = ZG(t). The present paper is less
precise on concrete character values, but gives an asymptotic formula for Θλ(t) for all t ∈ T of
finite order (see Corollary 1.2). Precise calculation of the character values at elements of order 2
(for classical groups and G2) is made in a recent Ph. D. thesis of Karmakar, see [Ka].

LetL(λ) = LP(λ) := G×P
C−λ → XP be the homogeneous line bundle over XP = G/P associated

to a character λ of P, where P ⊃ B is a (standard) parabolic subgroup.
The present paper uses the Lefschetz Trace Formula due to Atiyah-Singer for the action of t ∈ T

on a homogeneous line bundle over G/B, and more generally on XP to calculate the character Θλ(t).
Specifically, our main theorem of this note is the following result (cf. Theorem 3.1).

Fix a dominant character λ of T and let P = Pλ be the unique standard parabolic subgroup of G
such that L(λ) is an ample line bundle over XP. For any t ∈ T of finite order, let S t be the (finite)
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subgroup of T generated by t. In the following, WP denotes the set of minimal coset representative
in W/WP, where W is the Weyl group of G and WP is the Weyl group of P (which is by definition
the Weyl group of its Levi component). Let (Gt)o denote the identity component of the centralizer
Gt.

Theorem 1.1. For any t ∈ T of finite order and any integer n > 0,

Θnλ(t−1) =
∑
v∈Yt

Dt
v(n, λ),

where

Dt
v(n, λ) =

∑
k>0

∫
Xt

P(v)

c1

(
L(λ)|Xt

P(v)

)k
nk

k! e−nvλ(t) · td(Xt
P(v))∏

α∈(vR+
P)\R((Gt)o) [1 − eα(t)e

−c1(L(α)|Xt
P(v)

)
]
,

where (as in Proposition 2.1) Yt = YS t denotes the set
{
v ∈ WP : BS t · vP/P = vP/P

}
, R+

P is the set
of roots of the unipotent radical of P, td is the Todd genus of the tangent bundle, the connected
component Xt

P(v) = XS t
P (v) of XS t

P corresponds to the Weyl group element v ∈ YS t via Proposition
2.1, and L(α)|Xt

P(v)
is the (Gt)o-equivariant line bundle over Xt

P(v) such that the fiber over vP/P has
T-weight −α.

This theorem takes a simpler form when P = B since in this case each Xt
P(v) is isomorphic with

the full flag variety of ZG(t)o (cf. Corollary 3.6).

Let dv be the complex dimension of Xt
P(v) and let r be the order of t ∈ T . Consider the function

χt
λ : Z>0 → C, n 7→ Θnλ(t−1).

As an immediate consequence of the above theorem and Wirtinger Theorem, we obtain the follow-
ing corollary (cf. Corollaries 3.3 and 3.5).

Corollary 1.2. For any fixed 0 ≤ p < r, χt
λ|{n≡p(mod r)}

is a polynomial function in n of degree ≤
maxv∈Yt {dv}.

Moreover, the coefficient of ndv in Dt
v(n, λ) restricted to {n ≡ p(mod r)} is equal to

(1)
1

dv!

∫
Xt

P(v)
c1

(
L(λ)|Xt

P(v)

)dv e−pvλ(t)∏
α∈(vR+

P)\R((Gt)o) (1 − eα(t))
.

In particular, if there is a unique vo ∈ Yt such that dvo = maxv∈Yt {dv}. Then, for any fixed
0 ≤ p < r,

(χt
λ)|n≡p(mod r)

is a polynomial function of degree exactly equal to dvo .

As a consequence of the above corollary, we obtain the following result (cf. Theorem 4.1).

Theorem 1.3. Assume that t ∈ T is of order 2. Then, the function
(
χt
λ

)
|{n∈2Z≥0}

is a polynomial
function of degree exactly equal to d := maxv∈Yt {dv}.

To prove the above results, we prove several assertions of independent interest regarding the
relationship of the fixed points of the action of t ∈ T on G/P with the flag varieties of the identity
component ZG(t)o of ZG(t): each connected component of the fixed point set is a homogeneous
space for ZG(t)o (cf. Section 2, especially Proposition 2.1 and Corollary 2.2). In the case P = B,
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each connected component of the fixed point set Xt is isomorphic with the full flag variety of ZG(t)o

and there are exactly #W
#W(ZG(t)o) many connected components (cf. Corollary 2.2 and Lemma 2.5).

After we completed this work, G. Lusztig pointed out his article ‘Michael Atiyah and Repre-
sentation Theory’ in [H], where he mentioned an application of the Lefschetz trace formula due to
Atiyah-Singer [AS] to get an explicit formula for the character of any irreducible representation V
of G at an element t of finite order of G as a sum of contributions of the connected components
of the fixed point set of t on the flag manifold of G. In this note we determine the connected
components explicitly and thus work out such an explicit formula for the character ch(t,V).

Acknowledgements: We thank G. Lusztig and M. Vergne for their comments. In particular, Re-
mark 3.2 is in response to a question by M. Vergne in a private communication.

2. Fixed points of a flag variety under the action of a subgroup of torus

Let T ⊂ B ⊂ P ⊂ G be a maximal torus, a Borel subgroup, a standard parabolic in a connected
reductive group G overC. Let S ⊂ T be a subgroup (not necessarily connected) and let XP = G/P
be the partial flag variety. Then, S acts on XP via left multiplication. Let XS

P be the fixed subvariety.
Then, XS

P is smooth. Let WP be the set of minimal coset representative in W/WP, where W is the
Weyl group of G and WP is the Weyl group of P (which is by definition the Weyl group of its Levi
component). Let (GS )o be the identity component of the fixed subgroup GS under the conjugation
action of S on G.

Proposition 2.1. With the notation as above, the set of connected components of XS
P is bijectively

parameterized by
YS :=

{
v ∈ WP : BS · vP/P = vP/P

}
.

For v ∈ YS , let XS
P (v) be the corresponding connected component of XS

P . Then, the morphism

φ̂v : (GS )o −→ XS
P , g 7→ g · vP/P

descends to a (GS )o-equivariant variety isomorphism

φv : (GS )o/
(
(GS )o ∩ (vPv−1)

) ∼
−→ XS

P (v).

Observe that the Borel subgroup BS ⊂ (GS )o∩(vPv−1), since v ∈ YS . Moreover, since XS
P is smooth,

its connected components coincide with its irreducible components.

Proof. Take a connected component Z ⊂ XS
P . It is clearly BS -stable and hence, by Borel Fixed

Point Theorem, contains a BS -fixed point vP/P (for some v ∈ WP) since a BS -fixed point, in
particular, is a T -fixed point. We claim that the map

φ̂v : (GS )o → XS
P , g 7→ g · vP/P

induces an isomorphism
φv : (GS )o/

(
(GS )o ∩ (vPv−1)

) ∼
−→ Z :

By the Bruhat decomposition, we get

XP = tw∈WP BwP/P,

and hence

(2) XS
P = tw∈WP BS wP/P.

Since vP/P ∈ Z, we get
(GS )o · vP/P ⊂ Z.
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Moreover, the isotropy subgroup of v in (GS )o is clearly (GS )o ∩ (vPv−1) ⊃ BS , thus we get a
(GS )o-equivariant embedding

(3) φv : (GS )o/
(
(GS )o ∩ (vPv−1)

)
↪→ Z.

We now prove that any (GS )o-orbit in XS
P is closed: By identity (2), any (GS )o-orbit A in XS

P is
a certain union tw∈θ(A)BS wP/P, for some subset θ(A) ⊂ WP. Take vo ∈ θ(A) of smallest length.
Then, we prove that

(4) BS · voP/P = voP/P.

For if (4) were false, takeUα ⊂ BS ⊂ (GS )o such that

Uα · voP/P % voP/P,

whereUα is the one-parameter additive group corresponding to a positive root α. In particular

(5) v−1
o Uαvo 1 P and hence v−1

o U−αvo ⊂ U
P,

whereUP is the unipotent radical of P, which gives

U−αvoP/P = voP/P.

By (5), v−1
o α is a negative root and hence

(6) sαvo < vo by [K, Lemma 1.3.13],

where sα ∈ W is the reflection through α. Since Uα ⊂ BS ⊂ (GS )o, then so is U−α ⊂ (GS )o

and hence the subgroup 〈Uα,U−α〉 ⊂ G generated by Uα and U−α is contained in (GS )o. Thus,
sαvoP/P ∈ (GS )o · voP/P. This is a contradiction to the minimal choice of vo in the (GS )o-orbit.
Thus (4) is true, proving that any (GS )o-orbit in XS

P is closed. Further, by (2), there are only finitely
many (GS )o-orbits in XS

P .
We return to the embedding φv as in (3). We now show that φv is surjective: Since Z is stable

under the action of (GS )o, it is a (finite) union of (GS )o-orbits. But, each (GS )o-orbit is closed in
XS

P and hence Z is a disjoint union of finitely many closed (GS )o-orbits. But, Z being connected,
it is a single (GS )o-orbit, proving that φv is a bijective isomorphism.

Consider the map

ψ : YS →
{
set of the connected components of XS

P

}
,

which takes
v ∈ YS 7→ (GS ) · vP/P.

By the above proof (GS )o · vP/P is indeed a connected component of XS
P and hence ψ is well

defined. Moreover, ψ is injective since any compact homogeneous variety of a reductive connected
algebraic group overC has a unique fixed point under any Borel subgroup, which follows from the
Bruhat decomposition.

Further, as proved above, ψ is surjective. This proves the proposition. �

Corollary 2.2. With the notation as in Proposition 2.1, assume that P = B. Then, each connected
component of XS

B is isomorphic, as a (GS )o-variety, with (GS )o/BS . In particular, each connected
component of XS

B is of the same dimension.

Proof. By the above proposition applied to the case of P = B, we get that any connected component
Z of XS

B is isomorphic with (GS )o/
(
(GS )o ∩ (vBv−1)

)
, for some v ∈ YS ⊂ W. Moreover, BS ⊂

(GS )o ∩ (vBv−1). But, vBv−1 being a solvable group and BS being a maximal solvable subgroup of
(GS )o, we get that BS = (GS )o ∩ (vBv−1). This proves the Corollary. �
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Example 2.3. For a general parabolic P, XS
P does not necessarily have components of the same

dimension. For example, take G = GLn(C) and P a maximal parabolic subgroup such that XP =

P
n−1. Take S ⊂ T be the subgroup of order 2 generated by the diagonal element ((+1)m, (−1)n−m),

which is +1 along the first m entries of the diagonal and −1 in the following (n−m) entries. In this
case,

XS
P = Pm−1 tPn−m−1.

This provides a counter example if n , 2m.

Remark 2.4. (1) Following the notation and assumptions of Proposition 2.1,

YS =
{
v ∈ WP : US

v = e
}
,

whereUv ⊂ G is the unipotent group with Lie algebra⊕
α∈R+∩vR−P

gα =
⊕

α∈R+∩vR−
gα,

where R+ is the set of positive roots of G and R−P is the set of roots of the opposite unipotent radical
of P. This follows since

BS v P/P = US
v · vP/P.

(2) If S is generated by a finite order t ∈ T which is regular, i.e., eα(t) , 1 for any root α of G,
then BS = T (and hence (GS )o = T ), YS = WP and the connected components of XS

P are all points
(use Proposition 2.1).

Lemma 2.5. Following Proposition 2.1, we get the following:

(7)
∑
v∈YS

#
(
W((GS )o)/W

(
(GS )o ∩ (vPv−1)

))
= #WP,

where W(H) is the Weyl group of H.
In particular,

(8) #YS ≥
#WP

#W((GS )o)
.

For P = B, in fact we have the equality

(9) #YS =
#W

#W((GS )o)
.

Proof. The identity (7) follows from Proposition 2.1 since wP/P ∈ XS
P for any w ∈ WP and

φv : (GS )o/
(
(GS )o ∩ vPv−1

) ∼
→ XS

P (v) is a (GS )o-equivariant isomorphism for any v ∈ YS and,
moreover, tv∈YS XS

P (v) = XS
P .

Inequality (8), of course, follows immediately from identity (7).
To prove identity (9), observe that for P = B, (GS )o ∩ vPv−1 = BS for any v ∈ YS (cf. proof of

Corollary 2.2).
�
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3. Character of any representation at finite order elements- An asymptotic formula via
Lefschetz Theorem

We apply the Lefschetz Trace Formula due to Atiyah-Singer (cf. [AS, Theorem 4.6]) for the case
of the complex manifold X = XP = G/P, the automorphism of XP is given by the left multiplication
of a finite order element t ∈ T and the vector bundle is a homogeneous line bundle L(λ) :=
G ×P

C−λ → G/P associated to a character λ of P.
Fix a connected component Xt

P(v) = XS
P (v) (for v ∈ YS ) as in Proposition 2.1, where S ⊂ T is

the finite subgroup generated by t. Then, the S -equivariant line bundle.

(10) L(λ)|Xt
P(v)
≈ e−vλ

|S
⊗ L̂(λ)|Xt

P(v)
,

where L̂(λ)|Xt
P(v)

is the same line bundle as L(λ)|Xt
P(v)

but with the trivial action of S .
We next determine the normal bundle N t

v of Xt
P(v) in XP:

First of all the tangent space Tv P/P(XP) is given by the derivative of the curves (at z = 0) γα :
C→ XP, z 7→ vExp(zyα)P/P, where α runs over the (negative) roots in R−P (see Remark 2.4(1)) and
yα is a fixed root vector of the root space g−α. For any s ∈ T , the action of T on the above curve is
given by

svExp(zyα)P/P = v
(
v−1sv

)
Exp(zyα)(v−1s−1v)P/P

= v Exp(Ad(v−1sv) · zyα)P/P.

From this we see that the derivative γ̇α(0) is transformed by the T -action via v · yα. Thus, the
tangent space (as a T -module) is given by

(11) Tv(XP) =
⊕
α∈vR−P

gα.

Similarly, considering the curve C 3 z 7→ Exp(zyα)vP/P in Xt
P(v), we get that

(12) Tv
(
Xt

P(v)
)

=
⊕

α∈(vR−P)∩R((Gt)o)

gα,

where R((Gt)o) ⊂ R(G) denotes the set of all the roots of (Gt)o (here Gt := GS ). Thus, the normal
bundle N t

v over Xt
P(v) is given by

(13) N t
v ≈

⊕
α∈(vR+

P)\R((Gt)o)

L(α)|Xt
P(v)
,

where L(α)|Xt
P(v)

is the (Gt)o-equivariant line bundle over Xt
P(v) such that the fiber over vP/P has

T -weight −α. Observe that

(14) R−((Gt)o) ⊂ v · R−, thus R+((Gt)o) ⊂ v · R+.

If (14) were false, take α ∈ R−((Gt)o) such that v−1 ·α ∈ R+. This gives α ∈ (v ·R+)∩R−. But, since
Ut

v = (e) (see Remark 2.4(1)), t acts nontrivially on gα and hence α < R((Gt)o). This contradicts
the choice of α and hence (14) is proved.

Let V(λ) be the irreducible representation of G with highest weight λ ∈ t∗ and let t ∈ T be an
element of finite order. Let ch(t,V(λ)) be the trace of the action of t on V(λ).

We now apply [AS, Theorem 4.6] to get the following theorem. Let P = Pλ be the unique
standard parabolic subgroup of G such that L(λ) is an ample line bundle over XP.
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Theorem 3.1. With the notation as above, for any integer n > 0,

ch
(
t−1,V(nλ)

)
=

∑
v∈YS

Dt
v(n, λ),

where

Dt
v(n, λ) :=

∑
k>0

∫
Xt

P(v)

c1

(
L(λ)|Xt

P(v)

)k
nk

k! e−nvλ(t) · td(Xt
P(v))∏

α∈(vR+
P)\R((Gt)o) [1 − eα(t)e

−c1(L(α)|Xt
P(v)

)
]
,

as earlier R+
P is the set of roots of the unipotent radical of P and td is the Todd genus of the tangent

bundle,

Proof. Use [AS, Theorem 4.6] together with the identities (7) and (13) for the line bundle L(nλ)
over XP. By the Borel-Weil-Bott Theorem,

Hi (XP,L(nλ)) = 0, for all i > 0
and H0 (XP,L(nλ)) = V(nλ)∗.

Thus, ∑
i≥0

(−1)iTrace
(
t, Hi (XP,L(nλ))

)
= ch (t,V(nλ)∗)

= ch
(
t−1,V(nλ)

)
.

�

Remark 3.2. The above theorem remains true (by the same proof) for any standard parabolic
subgroup P replacing Pλ as long as λ extends to a character of P; in particular, for P = B. Applying
the above theorem for P = B and n = 1, we get that ch

(
t−1,V(λ)

)
is a piecewise polynomial

function in λ. In fact, it is a polynomial function restricted to the dominant elements of any coset
X(T )/d · X(T ) (d being the order of t), where X(T ) is the character group of T .

Let dv be the complex dimension of Xt
P(v) and let r be the order of t ∈ T . Consider the function

χt
λ : Z>0 → C, n 7→ ch

(
t−1,V(nλ)

)
.

As a corollary of Theorem (3.1), we get the following.

Corollary 3.3. For any fixed 0 ≤ p < r, χt
λ|{n≡p(mod r)}

is a polynomial function in n of degree ≤
maxv∈YS {dv}.

Moreover, the coefficient of ndv in Dt
v(n, λ) restricted to {n ≡ p(mod r)} is equal to

(15)
1

dv!

∫
Xt

P(v)
c1

(
L(λ)|Xt

P(v)

)dv e−pvλ(t)∏
α∈(vR+

P)\R((Gt)o) (1 − eα(t))
.

Proof. The polynomial behavior of χλ|{n≡p(modr)} follows immediately from Theorem 3.1. To prove
(15), again use Theorem 3.1 together with the fact that the constant term of the Todd genus of any
manifold is 1 (cf. [F, Example 3.2.4]). �

Remark 3.4. Since L(λ) is an ample line bundle over XP = G/P, by Wirtinger theorem (cf. [GH,
Chapter 0, §2]), for any v ∈ YS , ∫

Xt
P(v)

c1

(
L(λ)|Xt

P(v)

)dv
> 0.
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As a corollary of Theorem 3.1, Corollary 3.3 and Remark 3.4, we immediately get the following
result.

Corollary 3.5. Following the notation and assumptions as in Theorem 3.1, assume further that
there is a unique vo ∈ YS such that dvo = maxv∈YS {dv}. Then, for any fixed 0 ≤ p < r,

ch
(
t−1,V(nλ)|n≡p(mod r)

)
is a polynomial function of degree exactly equal to dvo .

When P = B, i.e., λ is a dominant regular highest weight, then Theorem 3.1 specializes to the
following.

Corollary 3.6. With the notation and assumptions as in Theorem 3.1 and with the additional
assumption that P = B,

ch
(
t−1,V(nλ)

)
=

∑
v∈YS

∑
k>0

∫
o
X

t

c1

(
L(vλ)|o

X
t

)k
nk

k! e−nvλ(t) td
o
X

t

∏
α∈(vR+)\

o
R

t

1 − eα(t) · e
−c1

(
L(α)|o

X
t

)
,

where
o
X

t
:= (Gt)o/Bt and

o
R

t
denotes the set of roots of (Gt)o.

Proof. To deduce the corollary from Theorem 3.1, we need to observe that under the isomorphism
of Proposition 2.1 (for any v ∈ YS ):

φv :
o
X

t
→ Xt

B(v), gBt 7→ gvB/B,

the line bundle L(µ)|Xt
B(v)

pulls back to

φ∗v

(
L(µ)|Xt

B(v)

)
' L(vµ)|o

X
t

under the isomorphism [
g,1−vµ

]
7→

[
gv,1−µ

]
, for g ∈ (Gt)o,

where 1−vµ is a basis of C−vµ. Moreover,

φ∗v

(
L(µ)|Xt

B(v)

)
= L(µ)|o

X
t .

�

Remark 3.7. The Todd genus of any flag variety G/P is determined by Brion [B, §3].

Example 3.8. Let the assumption be as in Theorem 3.1. Assume further that t ∈ T is a regular
element (i.e., eα(t) , 1 for any root α of G) of finite order r. Then, the function n 7→ ch

(
t−1,V(nλ)

)
is the constant function 1, when n is restricted to rZ≥0.

Even though it follows easily from the Weyl character formula, but we deduce it from Corollary
3.3:
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Since t is regular, YS = WP and Bt = T , thus Xt
P(v) = {vP/P} for any v ∈ WP. Thus, each dv = 0

and by Corollary 3.3, we get (for n ∈ rZ≥0)

ch
(
t−1,V(nλ)

)
=

∑
v∈WP

1∏
α∈vR+

P
(1 − eα(t))

=
∑
v∈WP

1∏
α∈(vR+

P)∩R+ (1 − eα(t)) ·
∏

α∈(vR+)∩R− (1 − eα(t))
,

since v
(
R+\R+

P
)
⊂ R+

=
∑
v∈WP

(−1)`(v)
∏

α∈vR−∩R+ eα(t)∏
α∈(vR+

P)∩R+ (1 − eα(t)) ·
∏

α∈vR−∩R+ (1 − eα(t))

=
∑
v∈WP

(−1)`(v) eρ−vρ(t)∏
α∈R+\v(R+\R+

P) (1 − eα(t))

= 1, by the parabolic analogue of the Weyl denominator formula.

4. Specialization of results for an involution t

In this section we consider elements t ∈ T of order 2. As a consequence of Corollary 3.3 in the
case of involution t, we get the following.

Theorem 4.1. Follow the notation and assumptions as in Corollary 3.3 and assume further that
t ∈ T is of order 2. Then, the function χt

λ|{n∈2Z≥0}
is a polynomial function of degree exactly equal to

d := maxv∈YS {dv}.

Proof. By Corollary 3.3, the coefficient of ndv in Dt
v(n, λ) restricted to 2Z≥0 is equal to

1
dv!

∫
Xt

P(v)
c1

(
L(λ)|Xt

P(v)

)dv

·
1∏

α∈(vR+
P)\R((Gt)o) (1 − eα(t))

.

But since t is of order 2, eα(t) = ±1. Moreover, for α < R
((

Gt)o), eα(t) = −1. Thus, the above sum
reduces to

1
dv!

∫
Xt

P(t)
c1

(
L(λ)|Xt

P(v)

)dv

· 2−#(vR+
P\R((Gt)o)).

By Wirtingers Theorem (cf. Remark 2.3), the integral
∫

Xt
P(v)

c1

(
L(λ)|Xt

P(v)

)dv

> 0.
Since, by Theorem 3.1,

χt
λ(n) =

∑
v∈YS

Dt
v (n, λ) ,

the theorem follows. �

Example 4.2. Consider G = GLn(C) and t = ((+1)m, (−1)n−m) as in Example 2.3. In the case
n = 2m and m odd, using Theorem 3.1, it can be seen that for

λ := (λ1 = λ2 = · · · = λm ≥ λm+1 = λm+2 = · · · = λn)

with λ1 and λm+1 of opposite parity,
ch(t,V(λ)) = 0.

To prove this observe that, by Example 2.3, Xt
P = Pm−1tPm−1. Moreover, in this case, YS = {1, vo},

where vo is the cycle (1, n, n − 1, n − 2, . . . , 2). Further, e−λ(t) = −e−voλ(t).
A similar result can be obtained for Sp(2n) and SO(n).
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