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Following some work of Aluffi-Mihalcea-Schiirmann-Su for the CSM classes of Schu-
bert cells and some elaborate computer calculations by Rimanyi and Mihalcea, I
conjecture that the CSM classes of the Richardson cells expressed in the Schubert
basis have nonnegative coefficients. This conjecture was principally motivated by a new
product OJ coming from the Segre-SM classes in the cohomology of flag varieties (such
that the associated Gr of this product is the standard cup product) and the conjecture
that the structure constants of this new product [J in the standard Schubert basis
have alternating sign behavior. I prove that this conjecture on the sign of the structure
constants of [1 would follow from my above positivity conjecture about the CSM classes

of Richardson cells.

1 Introduction

Let G be a connected simple algebraic group over C, and let B be a Borel subgroup and
T C B a maximal torus. Let W be the associated Weyl group with its length function ¢.
Foranyu € W, let )}'u = BuB/B be the Schubert cell, and let X* := B~ uB/B be the opposite
Schubert cell, where B~ is the opposite Borel subgroup of G. For u,v € W, let }D{l‘j =
X, N X" be the Richardson cell. Let {Ix,] € HAAm(G/B)~tW)(G/B, 7)} e be the Schubert
cohomology basis of H* (G/B,Z), where [X,] is the Poincaré dual of the fundamental
homology class puy of X, := )?u in Hy(y,y (G/B, Z).
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2 S. Kumar

The aim of this paper is to study the Chern-Schwartz—MacPherson (CSM) class
csu(XY; G/B) of Richardson cell XY C G/B and its connection to some conjecture I
learned from A. Knutson on a new product [] in the cohomology H*(G/B, Z) of G/B.

We first prove the following theorem (cf. Theorem 4).

Theorem A. For any u,v € W, write
V. u,v u,v
csu (X, G/B) = Z eV IX, 1, for eV € Z.
weWw

Then, ciy” = 0 unless £(w) + £(u) + £(V) is even.

We further conjecture the following, which is the main conjecture of this note
(cf. Conjecture 5). A similar positivity conjecture has also been formulated by Rui Xiong
(cf. Remark 6(b)).

Conjecture B. With the notation as above in Theorem A, ¢y’ >0, forall u,v,w.

We make the following conjecture (cf. Conjecture 7) that is a weaker form of the

above conjecture (as proved in Theorem 18).

Conjecture C. Write, for any u,v € W, CSM()D(Z; G/B) = > dlm‘;VcSM()}'w; G/B). Then,
(= 1) W)L L) | glV > .

Consider the following new product O in H*(G/B,Z) coming from the Segre-SM

classes, taking the gr of which we recover the standard cup product.
eUOe” = Z X ()D((u,v, w; g)) eV,
Lw)=L(w)+E(v)

where {€"},, .y is the basis of H*(G/B, Z) Kronecker dual to the homology basis {1y },cw,
that is, €™ (uy,) =4
such that the intersection X (u,v,w;g) = Xwou N XV N gX,, satisfies the stratified

X (u,v,w;g) = }}'Wou nxvn g}Q(W and g € G is a general element

v,w

transverse intersection property (X¥ being XV). We recall the following conjecture (cf.
Conjecture 12) made independently by Knutson and Zinn-Zustin, and Mihalcea (cf. the
remark just above Conjecture 12).

Conjecture D. Foranyu,v,w e W,

(_1)d1m X(u,V,W,'g) X ()o( (u, V, W, g)) Z O,
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Conjectural Positivity of CSM Classes 3

for a general element g € G such that X (u,v, w; g) satisfies the stratified transverse

intersection property.

We prove the following result showing that Conjecture D is equivalent to the

Conjecture C (cf. Proposition 17). In fact, we have the following sharper result.

Proposition E. For any fixed u,v e W,

(—1)ImX@v.w9) o (x(y, v, w; g)) > 0Vw € W < Conjecture C is true for )?X,gu.

Here (as in Conjecture D) g € G is a general element such that X (u, v, w; g) satisfies the

stratified transverse intersection property.

Thus, the validity of Conjecture B implies Conjecture C (cf. Theorem 18).

2 Main Conjecture on CSM Classes and Some Results

We take varieties to be defined over C and reduced and irreducible.
Let G be a connected simple algebraic group over C, and let B be a Borel
subgroup and T C B a maximal torus. Let W be the associated Weyl group with its

length function ¢. For any u € W, define
X, =BuB/B, X“:=B uB/B, X,=BuB/B, X"“:=BuB/B,

where B~ is the opposite Borel subgroup of G (i.e., B~ N B = T). Then, }D{u (resp. X)) is
called the Schubert cell (resp. Schubert variety) and X* (resp. X%) is called the opposite
Schubert cell (resp. opposite Schubert variety).

Let {Eu}ueW be the Schubert cohomology basis of H* (G/B,Z), that is, €% (,LLXV) =
8y,v» where uy denotes the fundamental homology class of X, in Hy,, (G/B,Z). Thus,
€% e H*W(G/B, 7).

For any u, v € W, define the Richardson cell X}, := X,, N X", and let X, := X,, N X"

be the Richardson variety. Then, it is non-empty if and only if v < u.

Definition 1. (CSM class) ([6], [3, Example 19.1.7]) Let X be an algebraic variety over the
complex numbers C, and let ¥ (X) be the group of constructible functions on X. Thus,

the elements of ¢(X) are finite sums of the form >; ¢;I, where ¢; € Z, X; C X are locally
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4 S. Kumar

closed (irreducible) subvarieties and Iy, is the characteristic function of the set X;. For a

proper morphism of varieties X — Y, one defines a Z-linear push-forward

f. 1 €(X) — €(Y), where f,(Iy)¥) = x (') N W),

for a subvariety W C X and y € Y, where x denotes the topological Euler—Poincaré
characteristic. Then, MacPherson proved a conjecture of Deligne and Grothendieck
stating that there exists a unique natural transformation c, : ¥ — H, such that if X

is smooth, then
c,(Iy) = c(Ty) N uy,

where Ty is the tangent bundle of X, c(Ty) is the total Chern class of Ty, uy is
the fundamental class of X and H, denotes the Borel-Moore homology with integral
coefficients. Here, the naturality of ¢, means that for any proper morphism f : X — Y

between varieties,

fi(c,. (@) = c,(f.(¢)) € H(Y), forany ¢ € €(X).

The CSM class of any subvariety W of a variety X is defined by
csn(W; X) = ¢, (Iy) € H,(X).

By the additivity of x and using [3, Definition 1.4 and Example 19.1.7], for a complete

variety X and any locally closed smooth subvariety W, we get
/CSM(W,‘X) = x(W). (2.1)
If X is a smooth variety of dimension d, then we can identify via the Poincaré duality
I:Ii(X) ~ HZd’i(X, 7Z), (cf.[4, Lemma 2 in §B.2]). (2.2)

Definition 2. (Segre-SM class) Define the Segre-SM class sg; of any constructible set
Y € G/B by

ssm(Y; G/B) := ¢\ (Y; G/B) - c(Tg,p) "' € H*(G/B, ),

where we view cqy;(Y; G/B) as a class in H*(G/B, Z) under the identification (2.2).

The following result is due to [2, Corollary 1.4 and Theorem 7.5].
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Conjectural Positivity of CSM Classes 5

Theorem 3. For X = G/B and u € W, write

CsmXyi G/B) = D, @y, 1X,]

weWw
Then, a, ., > 0,a,, = 1, and a,,, = 0 unless w < u, where w, is the longest element
of the Weyl group W and [X,,] = e"o" ¢ H2Wo)~tW)(G/B,7) is the Poincaré dual of the
fundamental class py, .

Moreover,

ssmXyi G/B) = D (—1)!IWTW g Ix ]

weWw

Theorem 4. For any u,v € W, write

Ccom(Xy; G/B) = Z c¥vix, 1, for c¥V € 7.

weW

Then, ciy” = 0 unless £(w) + £(u) + £(V) is even.
Proof. By [8, Theorem 1.2] and Definition 2,

csm(XY; G/B) = squ(X,; G/B) - cgy(X¥; G/B)

= (Z:(—1)(5(1‘)_6(‘91%1%91 [XQI]) : (Z Ao, [XQZ]) , by Theorem 3

= (A, —A_) (B, +B.),

where A, = Z Ay Xyl A= Z Ay, X, ]
((w)—(01)e27 (W) —(61)-1€27
B+ = Z W V92[X92] B* = Z WoV 92[X92]
E(Wov)—£(62)€27 U(Wov)—E(0y)—1€27
Thus,
csu (X4 G/B) = (4B, —A_B_)+ (A,B_ — A_B,). (2.3)

Similarly, CSM()O(I‘;; G/B) = CSM()O(u; G/B) - SSM()O(V; G/B). Hence,

CSM( ;G/B) = (AL +A ) -(B,—B)

= (AjB,-A B )+(A_B, —-A,B). (2.4)
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6 S. Kumar

Comparing the equations (2.3) and (2.4), we get A,B_ — A_B, =0, and hence

V. _
cou(X%;G/B) = A,B,—A B_
= E A6y Awov 6,16, 11Xp,]
DO (1)t
(,1)5(62)=(,1)((W0V)
o Z Qu0, " Cwov 0 [X91][X92]
(,1)6(91):(,1)l(u)+1
(=1)t02) _(_1)t(wov)+1

= > cVIX,, ).

L(w)=L(w)+L(v)(mod 2)

This proves the theorem. n
We make the following main conjecture of the paper.
Conjecture 5. With the notation as above in Theorem (4), ¢y’ > 0, for all u,v,w.

Remark 6. (a) The above conjecture is valid for SLg (and hence for SL,, SLj, SL,)
as the elaborate computer calculation done by Rimanyi shows. Also, the above
conjecture is valid for all rank—2 groups as shown by Mihalcea via computer
calculation.

(b) Mihalcea informed me on August 4, 2022 that Rui Xiong recently wrote to

him mentioning a similar positivity conjecture.

As before in Theorem 3, write

ComXyi G/B) = D ay,IX, 1.

weWw
Then, by Theorem 3, a, ,, = 0 unless w < u and a,, = 1. Thus, {csnrXyi G/B) Y yew
provides another basis of H,(G/B, Z) ~ H?>Y™(G/B)~* (G /B, 7).
We make the following conjecture that is a weaker form of Conjecture 5 (as

proved in Theorem 18).

Conjecture 7. Write, for any u,v € W, cg, (X% G/B) = > d% ce,(X,,; G/B). Then,
(—1)HW)—EW-EW) | gV > o

Let ® : H*(G/B) — H*(G/B) be the ring automorphism such that ® g2/ =

(—1)iIdez(G/B). The following lemma was observed by Mihalcea.
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Conjectural Positivity of CSM Classes 7

Lemma 8. Write

® (sSM(i(;; G/B)) = > fLx,l.

weW

Then,
(—1)!WoHW) £UV > o forall w € W.

Proof. By [8, Theorem 1.2],
ssm(XY; G/B) = ssm(Xu; G/B) - ssm(Xw,v; G/B)

= (—1)tWow ¢ (CSM(S(u; G/B)) (=)W (CSM(S(WOV; G/B)) , by Theorem 3
= (=) Wow+t) ¢ (CSM()Q(uF G/B)-csm(Xw,v; G/B)), since ® is a ring homomorphism.

This proves the lemma by using the 1st part of Theorem 3. |

3 A New Product in H*(G/B)

I learned of the deformed product [0 in H*(G/B,Z) defined below (motivated from the
Segre-SM classes) from Knutson (cf. [1, 5]).
By Theorem 3, {SSM()G(”; G/B)},cw is a basis of H*(G/B, Z). Write, for u,v e W,

ssm(X"; G/B) - s (X"; G/B) = > elsVsg(X™; G/B), for some unique els’ € Z.
weW
Thus, for any basis n = {n*}, . of H*(G/B,Z), we can define a new commutative and
associative product U, in H*(G/B, Z) by
nannV = Z eV ™. (3.1)
weW

(We thank one of the referees for this observation.)
Proposition 9. With the above notation, for any u, v, w € W,

ey =dy’w’ =x (X (u,v,w; g)) ,
where d%" is as in Conjecture 7, we abbreviate D¢ u,v,w;g) := }ofwouﬂ)?vﬂg}?w andge G
is a general element of G such that the intersection X (u, v, w; g) := Xyou N X" NgX,, is
transverse as complex Whitney stratified subsets, that is, the transversality holds at
each strata of the triple intersection. We call such an intersection stratified transverse

intersection.
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8 S. Kumar

In particular, x(X(u,v,w;g)) does not depend upon the choice of a general
element g € G such that X (u,v,w;g) satisfies the stratified transverse intersection
property. See also [2, Section 8.2] and [1, Corollary 10.3 and Remark 10.4]. (We thank L.

Mihalcea for the two references.)

Proof. The identity sg;(X¥; G/B) - sq3(X¥; G/B) = 3 e €%V squ(X™; G/B) gives

ssu(X"; G/B) - co(X"; G/B) = > e%¥cgy(X™; G/B),

weW

which gives
Ssm Xoyyui G/B) - Coy(X¥; G/B) = > %V cgy(X,,,. i G/B). (3.2)
weW
Hence, by the 1st equality in the proof of Theorem 4, we get from the above equation,
ConXiyoui G/B) = D el coy (X, wi G/B).
weWw

Thus, from the definition of d;", we get

uv Wol,V
ew - dwow

= X()Qf(u, v,w;g)), by subsequent equation (4.4). -

Definition 10. Taking the basis {n* = €%}, .y of H*(G/B,Z) in equation (3.1) and
using Proposition 9, we get a new commutative and associative product O in H*(G/B, Z)
defined by

0= > x(xwvwig) e,
L) =L(w)+L(v)
for a general element g € G such that the intersection X (u,v,w;g) is stratified
transverse.

Taking the gr of [J, we clearly recover the standard cup product.

Example 11. For G = SL,,
€°0e® = €® — €°, where s is the (only) simple reflection.

By an easy explicit calculation in SL,, we see that, for a general g € SL,, the variety

5(5 nxen g}}'S is isomorphic with C \ {two points}. Hence, x ()}'(e, es g)=-1.
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Conjectural Positivity of CSM Classes 9

I learned of the following nonnegativity conjecture from Knutson (cf. [5, Con-
jecture after Corollary 1 on Page 43], though they specifically conjectured it only for
4-step flag manifolds and proved it for < 3-step flag manifolds; also 2022 ICM talk
by Knutson). Further, Mihalcea informed me that he also has made this conjecture for

general G/B and spoke about it in some of the conferences/colloquia.
Conjecture 12. Foranyu,v,w € W,
(_l)dim X(u,v,w;g) X (X u,v,w; g)) >0,

for a general element g € G such that X (u, v, w; g) satisfies the stratified transverse

intersection property.
As a special case of Identity 2.1, we isolate the following.

Lemma 13.
/G/B Csm (X (u,v, w;g);G/B) =x (X (w,v, W;g)) _

The following result is a special case of [8, Theorem 1.2]. (See an analogous result

[7, Proposition 3.8].)

Theorem 14. Assuming the intersection X (u, v, w; g) is stratified transverse, we have

o

Sau (Xwou; G/B) St (5(”; G/B) - ssu (9% G/B)

SsM (X uw,v,w;9); G/B)

Sau (Xwou; G/B) - St (S(V; G/B) - Squt ()Z’W; G/B) .

Theorem 15. For any u,v,w € W and general g € G, we have

X (X (u,v,w; 9)) = (- l)dim X(u,v,w;g) Z (_l)l(u)—f(woul)aWou’ul Aw,v,vy Aw,wy

L(u)+L(v1)+E(wr)=2t(wo)
| 1 1
G/B
where the notation a,, ,, is as in Theorem 3.

Proof. Let [CSM(Y,' G/B)]top denote the top degree component of cg(Y; G/B) for any
locally closed subvariety Y C G/B, that is, writing

csy(Y; G/B) = ZaW(Y)[XWL [csm(Y: G/B)],op = @e(¥).

There is a similar meaning for [sqy(Y; G/B)],, -
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10 S. Kumar
Then, by Theorem 14 and Definition 2,

csm (X (w, v, w; 9); G/B) = csm (Xwyus G/B) - st (Xuwovi G/B) - s (Xiwi G/B)

( Z awou,ul[Xu1]>'< Z (_I)Z(WOV)_K(VI)(ZWOV,VI[XV1])

U <wou V] <Wov

: ( z (~D)!W=tWg, W [XW1]> , by Theorem 3

wi1<w

> () W LWDHWIEWD (g, 0y Gwov,yy Gw,w Xuy ] Xy, 1 X, 1)

u,vy,wi

Thus, by Lemma 13,
X (X u,v,w; g)) = [CSM (}?(u, vV, W;9); G/B)]top

= Z (_1)Z(w)—(i(u1)+£(wgv) Awou,u1 Aw,v, v, Aw,w Xy, |- Xy, 1 [lel]top
uy,vy,wi:
£up)+e(vy+E(wy)=2¢6(wo)

= (-1dim Xwv.wig) > (1) W=t gy 1wy Gwew, v @w,w Xy 1+ Xy 1+ Xy TTeop,
ul V1wl
L(uq)+E(vy)+H(wy)=2L(wo)

since
dim X (u, v, w; g) = £(w) — £(u) — £(V). (3.3)
To prove the above identity, observe that, being transverse intersection,
codim}o((u, v, w;g) = codimf(wou + codim XV + codim)o(W =L(u) +L(v) + L(w,) — L(w),
where the codim denotes the codimension in G/B. ]

4 Conjecture 5 implies Conjecture 7

Theorem 16. Assuming the validity of Conjecture 5, we get for any u,v,w € W,
(~D XTIy (X (u, v, w; g)) 2 0,
for any g as in Conjecture 12. Thus, Conjecture 12 is valid assuming Conjecture 5.

Proof. By [8, Theorem 1.2],

csmX(w, v, w;9); G/B) = cgy(Xy, i G/B) - sgy(X,,; G/B) (4.1)
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Conjectural Positivity of CSM Classes 11

- > |- Sy, i,

o1 62
£(01)+H(wou)+L(v) is even

by Theorems 3 and 4

= > ()Wt g (X, 11X,,]. (4.2)

01.,02:
£(01)+t(wou)+L(v) is even

Thus,

XX (u,v,w;g)) / csu(X(w, v, w; g); G/B), by Lemma 13
G/B

= coefficient of [X,] in CSM(}D((u, v,w;g); G/B)

— Z (_l)Z(W)ff(ez)C‘eﬂllaurVa

Og=wob
£(61)+(wou)+L(v) is even

w62

— (_l)Z(u)+£(V)+E(W) Z Cgvou,va (4.3)
1

Op=wob]
£(01)+(wou)+£(v) is even

W,92

This proves the theorem by the 1st part of Theorem 3 and the identity (3.3) assuming the
validity of Conjecture 5. n

Proposition 17. For any fixed u,v € W,
(—1)WmXW@v.wig) y (x(u, v, w; g)) > 0¥Yw € W <> Conjecture 7 is true for )}"‘X,Du.

Here (as in Conjecture 12), g € G is a general element such that X (u, v, w; g) satisfies the

stratified transverse intersection property.

Proof. By Lemma 13,

XX (u,v,w;g)) =/ csm(X(u, v, w; g); G/B)
G/B

= (Csm(Xy,ui G/B), Ssm(Xuwi G/B)), by (4.1),
where («, 8) is the coefficient of [Xe] in .8

= <Z dy°“V csm(Xo; G/B), ssm (Xw; G/B)>, where dp°"" is as in Conjecture 7
6

=" djo"" (csmXs; G/B), ssu(Xiwi G/B))
0

= dy%w", by [1, Corollary 7.4] and Theorem 3. (4.4)
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12 S. Kumar

Recall that, conjecturally, X(f((u, v, w; g)) has sign
(—l)dim"}(u""w?g) = (~1)!W~tW=tW by equation (3.3).
Also, by Conjecture 7, dy°y"” has sign (—1) Wew)=tWo)=tv) — (_1)tW)=L@)=tv),
Combining Theorem 16 and Proposition 17, we get the following.

Theorem 18. Conjecture 7 is implied by the validity of Conjecture 5.
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