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ABSTRACT. Let T be a complex torus acting algebraically on
PY(C). In this note we prove a T-equivariant analogue of a
theorem of Grothendieck. More specifically, we show that any
T-equivariant vector bundle on P'(C) is a direct sum of 7T-
equivariant line subbundles.

The aim of this note is to prove the following equivariant ana-
logue of Grothendieck’s theorem, existence of which was asked by W.

Fulton. :
Let T be a complex (connected) torus acting algebraically on
- X =PLO). '

THEOREM. Let E be a T-equivariant algebraic vector bundle on
X. Then there exist T-equivariant line subbundles Ly, -+ ,L,, C F
such that we have o T-equivariant vector bundle isomorphism:

Lo ®L,>E
N '
I[pl
under vi ® - O U > V1 + -+ + Uy

PRrROOF. As is well known (cf. [2; Exercise 6.6, Chapter IJ), the
group of algebraic automorphisms of X can be identified with the

projective linear group PGL(2) via <Z 2) ‘[21, 2] = [az1 +b2zp, c21 +
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dzy]. Let D C PGL(2) be the standard diagonal subgroup. Since D
fixes the point at infinity [1,0], the action of D on X lifts to give
a D-equivariant line bundle structure on Ox (1) (and hence on any
Ox(n),n € Z). Thus Ox(n) acquires a T-equivariant line bundle
structure.

By virtue of Grothendieck’s theorem (cf. [1; Théoréme 2.1]), one
can decompose F = Ox (n1)®: - ®Ox (ny,) withny > ng > -+ > npy.
Tensoring F with Ox(—n;) and putting a T-equivariant line bundle
structure on Ox(—n1), we can assume that £ ~ Ox®Ox(n2)d- &
Ox(nm) with each no,«++ ,n, < 0. Thus any 0 # o € HY(X, E) is
nowhere vanishing. Further, H%(X,E) # 0. Of course, H*(X, E)
is a T-module. Take a T-eigenvector 0 # ¢ € HY(X,E). Then
{Co(z)}zepr is a T-equivariant line subbundle, denoted Ly, of E.

We get an exact sequence of T-equivariant bundles:

(*) O%LI%E—}E/LI—-)O

We claim that this sequence is T-equivariantly split:
Consider the T-module Homp(E /L, E) of bundle morphisms.
Then we get a natural T-module map

7 : Homo(E/ L1, E) — Homo(E/L, E/L1).
Observe that all the line bundles, occurring in F/L; as direct sum-
mands, have degrees < 0. This can be seen, e.g., by tensoring the

sequence (x) with Ox(—1) and then considering the associated long
exact cohomology sequence. Thus (x) splits as vector bundles by

[2; Propositions 6.3 and 6.7, Chap. III] (without regarding the T-

equivariance). In particular, 7 is surjective. Thus 7 induces a surjec-
tive map

T : Homo(E/ Ly, B)T — Homo(E/L1, E/L1)T,

where the superscript T means T-invariants. Take a preimage f of the
identity homomorphism I under 77. This f provides a T-equivariant
splitting of (). Thus E ~ L; @ E/L; as T-equivariant bundles. So,
by induction on rank F, the theorem follows. |
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