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Abstract. Kostant asked the following question: Let g be a simple Lie algebra over the complex
numbers. Let λ be a dominant integral weight. Then, V pλq is a component of V pρqbV pρq if and only
if λ ď 2ρ under the usual Bruhat-Chevalley order on the set of weights. In an earlier work with R.
Chirivi and A. Maffei the second author gave an affirmative answer to this question up to a saturation
factor. The aim of the current work is to extend this result to untwisted affine Kac-Moody Lie algebra
g associated to any simple Lie algebra g̊ (up to a saturation factor). In fact, we prove the result for
affine sln without any saturation factor. Our proof requires some additional techniques including the
Goddard-Kent-Olive construction and study of the characteristic cone of non-compact polyhedra.

1. Introduction

Let g be a symmetrizable Kac–Moody Lie algebra over C. In particular, we could let g be a
(finite-dimensional) semisimple Lie algebra, or an untwisted affine Kac–Moody Lie algebra. Given
two dominant integral weights λ and µ of g, the tensor decomposition problem seeks to understand
the irreducible components of V pλq b V pµq, where V pλq is the irreducible representation of g with
highest weight λ, and similarly for µ. This is a classic problem, with approaches and applications in
representation theory, geometry, conformal field theory, and algebraic combinatorics, just to name a
few.

In his study of the exterior algebra
Ź

g of semisimple Lie algebras, Kostant [Kos97] found that as
g-representations,

Ź

g decomposes as
ľ

g – 2l pV pρq b V pρqq ,

where l is the rank of g and ρ is half the sum of positive roots. Because of the role
Ź

g plays in
the computation of Lie algebra homology, and also in the structure of the Clifford algebra Cpgq as
was Kostant’s motivation, one would like to understand the decomposition of the tensor product
V pρq b V pρq into irreducible components. In this direction, Kostant made the following conjecture,
first recorded in the work of Berenstein–Zelevinsky, where they also gave a proof of this conjecture
when g “ sln`1 [BZ92].

Conjecture 1.1. Let g be a semisimple Lie algebra over C. Let λ P P` be a dominant integral
weight such that λ ď 2ρ in dominance order. Then V pλq Ă V pρq b V pρq.

Of course, the opposite implication clearly holds. Later, Chriv̀ı–Kumar–Maffei [CKM17] proved
a weaker version of Kostant’s conjecture, which recovers Berenstein–Zelevinsky’s result for sln`1, by
showing that the expected components appear in the tensor product decomposition “up to satura-
tion,” in the language of the saturated tensor cone; see Section 4 for the precise definitions.

Theorem 1.2 ([CKM17, Theorem 3]). Let g be a (finite-dimensional) semisimple Lie algebra over
C. Let λ P P` be a dominant integral weight such that λ ď 2ρ in dominance order. Then for any
saturation factor d ě 1 of g, V pdλq Ă V pdρqbV pdρq. In particular, for g “ sln, V pλq Ă V pρqbV pρq.

The proof of Theorem 1.2 in loc. cit. makes use of a set of inequalities due to Berenstein–Sjamaar
[BS00] which controls the possible irreducible components of V pλq b V pµq up to saturation. The
tensor decomposition problem is a particular example of a larger class of branching problems, which
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consider the restriction of representations of g to an embedded subalgebra g1 ãÑ g. In the tensor
decomposition case, this corresponds to the diagonal embedding g ãÑ g‘g. A possible representation-
theoretic generalization of Conjecture 1.1 is to consider the branching of the representation V pρq of
g to a subalgebra g1. This was studied by Nadimpalli–Pattanayak [NP22], guided by the approach
in [CKM17], generalizing Theorem 1.2 via the corresponding inequalities of the related “branching
cone” (see [Kum14] for a survey on the cones and inequalities for the tensor product and more general
branching setting).

We now propose a different representation-theoretic generalization; in particular, we consider the
tensor decomposition problem for any untwisted affine Kac–Moody Lie algebra g. In this setting, one
can again try to determine the irreducible components of the tensor product V pρq b V pρq, where ρ
now is the sum of fundamental weights (see Section 2 for conventions). However, as the highest weight
irreducible representations in this case are infinite-dimensional, and the tensor product V pρq b V pρq
has infinitely-many components, the problem is more subtle. Nevertheless, we prove the following
theorem, which is a verbatim generalization of Theorem 1.2 (cf. Theorems 5.6 and 6.2 in the text).

Theorem 1.3. Let g be an untwisted affine Kac–Moody Lie algebra, λ P P` a dominant integral
weight such that λ ď 2ρ in dominance order. Then,

(1) for any saturation factor d ě 1 of g, we have V pdλq Ă V pdρq b V pdρq.

(2) if g “ A
p1q
n “ psln`1, then V pλq Ă V pρq b V pρq.

We note that, unlike in the semisimple case, Theorem 1.3p2q does not follow from 1.3p1q, as the

smallest saturation factor d for psln`1 is d “ 2. While a similar approach via inequalities as in [CKM17]
and [NP22] in the affine Kac–Moody setting would be effective to prove Theorem 1.3(1) (see Remark
5.3), such an approach would not address 1.3(2).

Instead, because of its utility in the g “ psln`1 case, our primary tool in proving Theorem 1.3 is the
action of the Virasoro algebra on V pρq b V pρq via the Goddard–Kent–Olive (or GKO) construction,
which we recall in Section 4.2. The applicability of the GKO construction to the tensor decomposition
problem allows us to restrict attention to certain “maximal” components V pνq of V pρqbV pρq, whose
existence demonstrates the appearance of the components V pν ´ kδq for all k ě 0. This technique
originates with Kac–Wakimoto [KW88] and has seen applications in the study of the affine tensor
semigroup (see Section 4.1 for references). More recently, the GKO action was crucially used in a
similar fashion in our previous work on root components for affine Kac–Moody Lie algebras [JK22].

To apply the GKO construction effectively, we must first understand the dominant weights λ ď 2ρ.
To do this, we introduce the notion of the dominant weight polyhedron Dµ for a highest weight
integrable (irreducible) representation V pµq of an affine Kac–Moody Lie algebra. In the finite case,
these are compact polytopes and are completely describable by their vertices. This description was
used in [CKM17, Proposition 9] to express those λ ď 2ρ in a particularly useful form. However,
in the affine case, these polyhedra are no longer compact, so cannot be completely determined by
their vertices. Taking this into account, we give in Proposition 3.9 an a priori larger set of points
that contains the vertices of Dµ for regular dominant µ; in fact, in Lemma 3.10 we show that these
points are precisely the vertices when µ is regular dominant. By a general result for the structure of
polyhedra, we then give an explicit decomposition of Dµ for µ regular dominant. With this result, we
recover a decomposition result for λ ď 2ρ in Proposition 5.1 analogous to the one in the semisimple
case as in [CKM17].

Finally, we apply the GKO construction to the specific problem of determining the components of
V pρq b V pρq up to a saturation factor d as in Theorem 1.3. We further propose an exact analogue of
Kostant’s conjecture (without any saturation factor) for affine Kac–Moody Lie algebras in Conjecture
6.3.

Acknowledgements. The first author thanks M. Besson and J. Kiers for many helpful conversations
throughout, and acknowledges the support of the Australian Research Council Discovery Project
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DP200102316. This work was completed while the second author was a member of the Institute for
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2. Notation and conventions for affine Kac–Moody Lie algebras

We fix here briefly the key notation and conventions used throughout the paper. For a full treat-
ment, we refer to [Kac90, Chapters 6, 7], whose conventions we adopt.

By Z` (resp. Q`) we mean the nonnegative integers (resp., rational numbers).
Throughout, we denote by g the untwisted affine Kac–Moody Lie algebra, associated to a finite-

dimensional simple Lie algebra g̊. We fix a choice of Cartan subalgebra and Borel subalgebra h Ă
b Ă g based on a choice of Cartan subalgebra h̊ and a Borel subalgebra b̊ Ą h̊ of g̊. Relative to
this choice, we choose a set of simple roots ∆ “ tα0, α1, . . . , αlu “ tαiuiPI , where l “ rank g̊ and
I :“ t0, 1, . . . , lu. We set Φ the set of roots of g and denote by Φ` (resp., Φ´) the set of positive
roots (resp., negative roots) for this choice. The set of roots Φ can further be partitioned into the
set of real roots ΦRe and imaginary roots ΦIm, with basic imaginary root δ :“ α0 ` θ, where θ is the
highest root of g̊. We denote by d, K P h the derivation and central elements of g, respectively.

The Weyl group of g is denoted by W , and has simple reflections ts0, s1, . . . , slu associated to the
simple roots.

We let
P` :“ tλ P h˚ : xλ, α_i y P Z` @i P Iu

be the set of dominant integral weights of g. The fundamental weights Λi P P` are defined uniquely by
xΛi, α

_
j y “ δij, the Kronecker delta, for all simple coroots α_j and xΛi, dy “ 0. Then the corresponding

Weyl vector ρ P P` is given by ρ “
řl
i“0 Λi (so that xρ, dy “ 0). For any λ P P`, the value of xλ,Ky

is called the level of λ; throughout, we will restrict to those λ P P` with positive level.
The weight lattice P and root lattice Q are given by

P :“
l

à

i“0

ZΛi ‘ Cδ, Q :“
l

à

i“0

Zαi.

Finally, the similarly defined objects for g̊ will be denoted by a circle; i.e., the root lattice Q̊ of
g̊, etc. We fix also a normalized invariant form p¨|¨q on g such that pθ|θq “ 2, where again θ P Φ̊`

is the highest root of the underlying semisimple Lie algebra g̊; we will always use this choice of
normalization.

3. Irreducible highest weight representations and dominant weight polyhedra

In this section, we recall some basic results on the structure of irreducible highest weight repre-
sentations of g. While many of the results mentioned hold more generally at the level of symmetriz-
able Kac–Moody algebras, we focus only on statements for the affine Lie algebra setting. We use
[Kac90, Chapters 11, 12] as our primary sources.

3.1. Weights of irreducible highest weight modules. Let λ P P` be a dominant integral weight
of g. Then we denote by V pλq the corresponding irreducible, highest weight representation of g with
highest weight λ. As an h-module via restriction, V pλq has a decomposition into weight spaces

V pλq “
à

µPP
V pλqµ,

where V pλqµ :“ tv P V pλq : h.v “ xµ, hyv @h P hu. We set Ppλq to be the set of weights of the
representation V pλq; that is, Ppλq “ tµ P P : V pλqµ ‰ 0u. This is a (typically infinite) W -invariant
set of weights in P .

For any two weights λ, µ P P , we say that λ ě µ if λ´µ P Q` :“
Àl

i“0 Z`αi. This defines a partial
order on the weight lattice P , the dominance order. As V pλq is a highest weight representation, for
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any µ P Ppλq, necessarily µ ď λ. While it is not immediately clear from an algebraic perspective
for which µ ď λ we have µ P Ppλq, this question has a nice combinatorial answer. We record now
the following standard proposition, taken from [Kac90, Proposition 12.5(a)(b)], which gives a concise
description of Ppλq.

Proposition 3.1. For λ P P`, let V pλq be the irreducible highest weight representation with highest
weight λ, and set of weights Ppλq. Then

Ppλq “ W ¨ tµ P P` : µ ď λu “ pλ`Qq X convQtwλ : w P W u,

where convQ denotes the rational convex hull.

3.2. δ-maximal weights. Let λ P P` be a dominant integral weight, and consider the associated
highest weight irreducible representation V pλq with set of weights Ppλq. We recall the following
definition.

Definition 3.2. A weight µ P Ppλq is called δ-maximal if µ` kδ R Ppλq for any k ą 0. We denote
by Pmaxpλq the set of all δ-maximal weights.

Since δ is fixed by all Weyl group elements w P W , the set of δ-maximal weights in Ppλq is
W -invariant. But as any weight in Ppλq can be W -translated to a dominant weight (cf. [Kum02,
Prposition 1.4.2(c)] together with Proposition 3.1), it suffices to understand the set of δ-maximal
dominant weights; we denote this set by P`maxpλq. The study of δ-maximal dominant weights plays
a crucial role in applications of representation theory to modular forms and conformal field theory,
via understanding (up to renormalization) the “string functions”

t ÞÑ dimpV pλqµ´tδq

for µ P P`maxpλq (see [Kac90, Chapter 12]). As these will play an important role in what is to come,
we record the following lemma on the “δ-strings” tµ ´ kδukě0 Ă Ppλq, which is a reformulation of
[Kac90, Prop. 12.5(e)].

Lemma 3.3. Let λ P P` and µ P Ppλq. Then µ´ kδ P Ppλq for all k ě 0.

Combining Lemma 3.3 and Proposition 3.1, we can get the following description of δ-maximal
dominant weights, taken from [BK14, Proposition 4.4].

Proposition 3.4. Let λ P P`. Then P`maxpλq “ tµ P P` : µ ď λ&λ ´ µ “
ř

iPI ciαi, Di P I : ci ă
aiu, where taiu are defined by δ “

ř

iPI aiαi.

Proof. Suppose for contradiction that µ P P`maxpλq and λ ´ µ “
ř

iPI ciαi with ci ě ai for all i. Set
µ1 :“ µ` δ P P`. Then we have

λ´ µ1 “ λ´ µ´ δ “
ÿ

iPI

pci ´ aiqαi.

Note that since ci ´ ai ě 0 for all i by assumption, we get that λ ´ µ1 P Q`, or that µ1 ď λ in
dominance order. But then by Proposition 3.1, we get that µ1 P Ppλq, which contradicts µ being
δ-maximal. The converse is clear. �

3.3. Dominant weight polyhedra. We next want to better understand the dominant weights
µ P P` such that µ P Ppλq. By Lemma 3.3, it would suffice to understand those weights in P`maxpλq.
However, this is in general a subtle issue, as it is not straightforward to describe uniformly the set
P`maxpλq in terms of λ. We instead consider a larger set, which we refer to as the dominant weight
polyhedron associated to λ, and denote it by Dλ. This will be a rational, (generically) unbounded
polyhedron in the sense of [Sch99], which we take as our standard reference.
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We restrict for our purposes to the case when λ P P` is regular dominant, so that xλ, α_i y ą 0 for
all i P I :“ t0, 1, . . . , lu. We will also assume that xλ, dy “ 0, up to replacing λ with λ´ xλ, dyδ. Let
CQ denote the rational dominant chamber, defined by

CQ :“ tµ P h˚Q : xµ, α_i y ě 0@i P Iu,

where h˚Z :“
`

‘li“0ZΛi

˘

‘ Zδ and h˚Q :“ QbZ h˚Z. We now fix the following definition.

Definition 3.5. For a dominant integral weight λ P P`, the dominant weight polyhedron Dλ is
defined by

Dλ :“ CQ X convQtwλ : w P W u.

Thus, by Proposition 3.1, the points µ P Dλ correspond to rational dominant weights such that
Nµ P PpNλqXP` for some scaling factor N P Zą0. Again by Proposition 3.1, the points µ P Dλ are
determined by the set of inequalities for µ P h˚Q:

$

’

&

’

%

xµ, α_i y ě 0 @i P I,

xλ´ µ, xiy ě 0 @i P I,

xλ´ µ,Ky “ 0,

where xi is the fundamental coweight defined by xαj, xiy “ δi,j. The faces of Dλ are given by taking
a subset of the above inequalities with equality. To this end, let J Ă I and and consider the sets

AJ :“
ÿ

kPJ

Q`Λk,

AJ :“ AJ `Q`p´δq,

BJ :“
ÿ

kPJ

Q`αk,

CJ “ CJpλq :“ λ´BJ .

We isolate A “ AI “
ř

kě0 Q`Λk ` Q`p´δq, B “ BI “
ř

kě0 Q`αk, and C “ CI “ λ ´ B. Then,

AH X CK are faces of Dλ for H,K Ă I. By construction, we have that

(1) Dλ “ AX C;

note that as any µ P Dλ satisfies xµ, dy ď xλ, dy since Nµ ď Nλ (for some positive integer N) in
dominance order, the restriction to Q`p´δq in the definition of A suffices.

Unlike when considering a finite-dimensional semisimple Lie algebra g̊, the polyhedra Dλ are typ-
ically unbounded. First, we want to determine the “infinite directions” of the polyhedron Dλ. We
introduce the following definition from [Sch99, Section 8.2].

Definition 3.6. For a polyhedron P , the characteristic cone char. conepP q is given by

char. conepP q :“ ty : x` y P P @x P P u.

Lemma 3.7. For λ P P`, we have char. conepDλq “ Q`p´δq.

Proof. As in (1), Dλ “ A X C. Clearly Q`p´δq Ď char. conepA X Cq. Let y P h˚Q such that

y P char. conepA X Cq. Since λ P A X C, and by the definition of C, we immediately conclude
y P ´

ř

kě0 Q`αk.
Assume that xy, α_j y ă 0 for some j. Then for any x P A X C, we have x ` Ny P A X C for any

N P Z`. Taking N sufficiently large, we get that

xx`Ny, α_j y “ xx, α
_
j y `Nxy, α

_
j y ă 0.

Contradiction, since x`Ny P A, and any z P A satisfies xz, α_j y ě 0 for all j. Thus, xy, α_j y ě 0 for
all j.
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Next, suppose that xy, α_j y ą 0 for some j. Then, for the canonical central element K of g, since
we can write K “

ř

kě0 a
_
k α

_
k for the appropriate positive labels a_k , and as y pairs nonnegatively

with all α_k , we get
xy,Ky ą 0;

contradiction, since y P ´
ř

kě0 Q`αk, and αk pairs to zero with K for all k ě 0.

Thus, xy, α_k y “ 0 for all k ě 0. Now, using that h˚Q “ h̊˚Q ‘ pQpδq ‘QpΛ0qq, we get that

y P h̊˚Q ‘Qpδq

and is orthogonal to all of h̊˚Q; thus necessarily y P Qpδq. In particular, this forces y P Q`p´δq, as
desired. �

We are next interested in the minimal faces of Dλ. By the general theory of polyhedra [Sch99,
Section 8.5(22)], the minimal faces of a polyhedron P are translates of the “lineality space”

lin. spacepP q :“ char. conepP q X ´ char. conepP q.

Then by Lemma 3.7, in the case of Dλ, we get that lin. spacepDλq “ t0u. Thus the minimal faces of
Dλ are zero-dimensional, hence vertices. To understand these vertices, we will examine the various
face intersections AH XCK and AH XCK , for subsets H,K Ď I, and analyze those which intersect in
single points. First, in the next lemma we introduce the possible candidates for the vertices of Dλ.

Lemma 3.8. Let λ P P` be a regular dominant integral weight. For any subset J Ĺ I, let WJ “

xsj : j P Jy Ă W be the corresponding (finite) parabolic subgroup corresponding to the simple roots
tαjujPJ . Define

b̂Jpλq :“
1

|WJ |

ÿ

wPWJ

wpλq.

Then b̂Jpλq P Dλ. In fact, for each J Ĺ I we have b̂Jpλq P AIzJ , and b̂Jpλq ‰ b̂J 1pλq for J ‰ J 1.

Proof. First, we show that b̂Jpλq P Dλ. To this end, by its definition, b̂Jpλq P convQtwλ : w P W u. It

remains to show that b̂Jpλq P CQ. Let α_i be a simple coroot. We consider two cases: first, suppose
that i P J . Then we have that

(2) |WJ |xb̂Jpλq, α
_
i y “

C

ÿ

wPWJ

wpλq, α_i

G

“

C

λ,
ÿ

wPWJ

w´1
pα_i q

G

“ 0,

since i P J so that
ř

wPWJ
w´1pα_i q “ 0. Else if i R J , then for all w P WJ , we have w´1pα_i q is a

positive coroot, so that

(3) |WJ |xb̂Jpλq, α
_
i y “

C

ÿ

wPWJ

wpλq, α_i

G

“

C

λ,
ÿ

wPWJ

w´1
pα_i q

G

ą 0,

since λ is regular dominant. Thus, b̂Jpλq P CQ, as desired. In total, this says b̂Jpλq P Dλ.

Further, since by (2) and (3), b̂Jpλq is a rational dominant weight that vanishes precisely on tα_j ujPJ ,

we get that b̂Jpλq P AIzJ by definition, since xwλ, dy ď xλ, dy “ 0.

Finally, if j P JzJ 1 we get that xb̂Jpλq, α
_
j y “ 0 while xb̂J 1pλq, α

_
j y ą 0, by (2) and (3), so that

b̂Jpλq ‰ b̂J 1pλq. �

Proposition 3.9. Let λ P P` be a regular dominant integral weight, and assume that xλ, dy “ 0.

Then the vertices of Dλ are contained in the set tb̂JpλquJĹI .

Proof. As shown above, the minimal faces of Dλ are points, hence vertices. We show that they are
contained in the set tb̂JpλquJĹI . This is done by considering the following ten claims.
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Claim 1. If H Ę K, then AIzH X CK “ ∅.

Take y P AIzH X CK and write y “ λ´ x for some x P BK . Write

(4) x “ λ´ y “ λ´
ÿ

hRH

ahΛh ` bδ

where x P
ř

kPK Q`αk, ah, b P Q`. Take j P HzK. Evaluating (4) at α_j , we get a contradiction.

Claim 2. If H Ĺ K and 0 R K, then AIzH X CK contains b̂Hpλq and b̂Kpλq.

Clearly b̂Hpλq, b̂Kpλq P CK . By Lemma 3.8, we know that b̂Hpλq, b̂Kpλq P AIzH . Now, since 0 R K

(and thus also not in H), we get that xb̂Kpλq, dy “ xb̂Hpλq, dy “ 0, so that b̂Kpλq, b̂Hpλq P AIzH .

Claim 3. For any subsets H,K Ă I, AIzH X CK “ AIzH X CKzt0u.

This follows easily since for any x P AIzH , xx, dy “ 0, whereas xα0, dy “ 1.

Claim 4. For H Ĺ K Ĺ I and 0 P H, b̂Hpλq, b̂Kpλq P AIzH X CK and AIzH X CK “ ∅.

Of course, b̂Hpλq, b̂Kpλq P CK , and by Lemma 3.8, b̂Hpλq, b̂Kpλq P AIzH . For the second part, by
Claim 3, AIzH X CK “ AIzH X CKzt0u “ ∅, by Claim 1 since 0 P H.

Claim 5. For H Ĺ K Ĺ I and 0 P KzH, b̂Hpλq, b̂Kzt0upλq P AIzH X CK, even if H “ Kzt0u.

By Claim 3, AIzH XCK “ AIzH XCKzt0u. Further H Ă Kzt0u since 0 R H. Thus, the claim follows

from Claim 2. (Since 0 R H, it is easy to see that b̂Hpλq P AIzH .)

Claim 6. For H Ĺ K “ I and H Ă Izti1, i2u, none of AIzH X CI or AIzH X CI contain exactly one
point.

If i1 “ 0, AIzH X CI “ AIzH X CIzt0u contains at least two points by Claim 2 and hence so does

AIzH X CI . If neither of i1, i2 is 0 (i.e., we can assume that 0 P H), then

AIzH X CI “ AIzH X CIzt0u “ ∅,
where the equalities follow from Claims 3 and 1 respectively. Further,

AIzH X CI Ą AIzH X CIzti1u Ą tb̂Hpλq, b̂Izti1upλqu

by Claim 4.

Claim 7. For H “ Izti0u, K “ I: if i0 “ 0, then AIzH X CI contains the point b̂Izt0upλq. If i0 ‰ 0,

then AIzH X CI “ ∅ and AIzH X CI contains the point b̂Izti0upλq.

Let i0 “ 0. By Lemma 3.8, we have b̂Izt0upλq P At0u. But since H “ Izt0u, necessarily

xb̂Izt0upλq, dy “ xλ, dy “ 0, so in fact b̂Izt0upλq P At0u. Of course, b̂Izt0upλq P CI .
For i0 ‰ 0, by Claim 3, AIzH X CI “ AIzH X CIzt0u, and since 0 P H, by Claim 1 this is empty.

Now, again by Lemma 3.8, b̂Izti0upλq P AIzH X CI for i0 ‰ 0.

Claim 8. For any H such that 0 R H, AIzH X CH “ AIzH X CH contains the point b̂Hpλq.

The identity AIzHXCH “ AIzHXCH follows since, for any y P CH , xy, dy “ 0. Further, b̂Hpλq P CH
by construction and b̂Hpλq P AIzH by Lemma 3.8.

Claim 9. For any H such that 0 P H Ĺ I, AIzH XCH “ ∅ and AIzH XCH contains the point b̂Hpλq.

AIzH X CH “ AIzH X CHzt0u, by Claim 3. But by Claim 1, this is empty. Finally, b̂Hpλq P CH by

construction, and by Lemma 3.8, b̂Hpλq P AIzH .
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Claim 10. AIzI X CI “ ∅.

We need to find taiuiPI , ai ě 0, such that

λ´
ÿ

iPI

aiαi P Q`p´δq.

Now, the above implies xλ, α_j y “
ř

iPI aixαi, α
_
j y for all α_j . But this can be rewritten as

(5) Λ “ A ¨ C,

where Λ “ pλ0, λ1, λ2, . . . , λlq, for λj :“ xλ, α_j y ą 0, A “ pa0, a1, . . . , alq, and C “
`

αipα
_
j q
˘

i,jě0
is

the affine Cartan matrix. But (5) is contradicted by [Kac90, Theorem 4.3].

Combining all the cases covered by Claims 1–10, we get that if any of AIzH X CK or AIzH X CK
for any H,K Ď I is a single point, then that point is one of the points from the set tb̂HpλquHĹI . �

Lemma 3.10. Following the notation and assumptions as in Proposition 3.9, the set of vertices of
Dλ is equal to (not just contained in) tb̂HpλquHĹI .

Proof. Take any H Ĺ I and let µ P AIzH X CH . Then, we can write

µ “
ÿ

iRH

miΛi ´mδ “ λ´
ÿ

kPH

nkαk, for some mi,m, nk P Q`.

Evaluating the above at α_i , for i P H, we get:

(6) xλ, α_i y ´
ÿ

kPH

nkxαk, α
_
i y “ 0, for any i P H.

Consider the row matrices ~λH :“ pxλ, α_i yqiPH ; ~n :“ pnkqkPH and the |H| ˆ |H|-matrix CH :“
pxαk, α

_
i yqk,iPH . Since H is a proper subset of I, CH is the Cartan matrix of a semisimple Lie algebra.

In particular, it is invertible. Hence the above equation (6) gives

~λH “ ~n ¨ CH , i.e., ~λH ¨ C
´1
H “ ~n.

Thus, ~n is unique if it exists satisfying nk P Q` for all k P H. This shows that AIzH X CH has at
most one point. However, as shown in the Claims 8 and 9 of the proof of Proposition 3.9, it has at
least one point b̂Hpλq. This proves the lemma. �

Specializing to λ “ 2ρ, we can simplify the above to get the following corollary.

Corollary 3.11. The vertices of D2ρ are given by the set tb̂Jp2ρquJĹI , where

b̂Jp2ρq “ ρ` wJ0 pρq,

with wJ0 P WJ the longest element.

Proof. By definition, we have

b̂Jp2ρq “
1

|WJ |

ÿ

wPWJ

wp2ρq.

This we rewrite as

b̂Jp2ρq “ 2ρ`
1

|WJ |

ÿ

wPWJ

pwp2ρq ´ 2ρq “ 2ρ`
2

|WJ |

ÿ

wPWJ

wpρq ´ ρ.

Now, we can write

wpρq ´ ρ “ ´
ÿ

βPΦJ pwq

β,
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where ΦJpwq :“ tβ P Φ`J : w´1pβq P ´Φ`J u and Φ`J are the positive roots in the sub-root system
corresponding to J . Every root β P Φ`J appears in precisely half of the sets ΦJpwq as w varies across
WJ (since for any β P Φ`J and w P WJ , β belongs to exactly one of ΦJpwq or ΦJpww

J
0 q); thus we get

b̂Jp2ρq “ 2ρ´
2

|WJ |

ÿ

βPΦ`J

|WJ |

2
β “ 2ρ´

ÿ

βPΦ`J

β “ 2ρ` pwJ0 pρq ´ ρq “ ρ` wJ0 pρq,

as desired. �

Finally, by the decomposition theorem for polyhedra in terms of minimal faces and the character-
istic cone (cf. [Sch99, Section 8.9]), we get the following crucial proposition.

Proposition 3.12. For any λ P P` regular dominant, the dominant weight polyhedron Dλ decom-
poses as

Dλ “ convQtb̂JpλquJĹI `Q`p´δq.

Remark 3.13. In the case of a finite-dimensional semisimple Lie algebra, the vertices of the corre-
sponding dominant weight polytope for 2ρ were worked out by Kostant, as reported in [BZ92]. For
any dominant weight, formulas for the vertices resembling those in Proposition 3.9 were given in
[BJK21]. In this case, the vertices completely determine the polytope, as it is compact. While we will
not need it here, we conjecture the following stronger results.

Conjecture 3.14. Let λ P P` be an arbitrary (not necessarily regular) dominant integral weight

with positive level. Then the vertices of Dλ are given precisely by the set tb̂JpλquJĹI (which may have
repeated elements), and Dλ decomposes as

Dλ “ convQtb̂Jpλqu `Q`p´δq.

4. Tensor product of irreducible representations and the Goddard–Kent–Olive
construction

In this section, we will review some of the key features of the tensor decomposition problem, which
seeks to understand the irreducible components of V pλq b V pµq for λ, µ P P`. We will also briefly
introduce an action of the Virasoro algebra on V pλq b V pµq, given by the Goddard–Kent–Olive (or
GKO) construction, and its application to the tensor decomposition problem.

Throughout, we will take λ, µ P P` with λpdq “ µpdq “ 0, without loss of generality, as we could
replace λ (and similarly µ) up to twisting by kδ via V pλq b V pkδq “ V pλ` kδq.

4.1. The tensor semigroup. We return now to the tensor decomposition problem, as discussed in
the introduction. To this end, consider λ, µ P P` and the tensor product decomposition

V pλq b V pµq –
à

νPP`
V pνqm

ν
λ,µ ,

where mν
λ,µ P Z` is the multiplicity of the subrepresentation V pνq in V pλq b V pµq. While the

problem of determining for which ν we have mν
λ,µ ‰ 0 (or in fact determining mν

λ,µ precisely) has
a long history which has developed exact methods to give exact solutions (crystals, the Littelmann
path model, among others), predicting components which appear in V pλq b V pµq based only off of
the pair pλ, µq is challenging. One such example of components, known as the Parthasarathy–Ranga
Rao–Varadarajan or PRV components, is given in the following theorem originally due to Kumar
[Kum88] for semisimple Lie algebras. Its extension to any symmetrizable Kac-Moody Lie algebra
was proved in [Kum89] and Mathieu [Mat89].

Theorem 4.1. Let λ, µ P P` be two dominant integral weights and w, v P W two Weyl group
elements such that ν :“ wλ` vµ P P`. Then V pνq Ă V pλq b V pµq.
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As above, we are interested in the set of triples tpλ, µ; νq P pP`q3: mν
λ,µ ‰ 0}. This set in fact forms

a semigroup, which we refer to as the tensor semigroup for g. This follows, for example, from the
analogue of the Borel–Weil theorem for symmetrizable Kac–Moody Lie algebras ([Kum02, Corollary
8.3.12]). The tensor semigroup and its generators are difficult to understand, even in the finite-
dimensional semisimple case. We consider a simpler object, known as the saturated tensor semigroup
or saturated tensor cone, in the following definition.

Definition 4.2. The saturated tensor cone associated to g, denoted Γpgq, is given by

Γpgq :“ tpλ, µ; νq P pP`Q q
3 : DN ě 1with mNν

Nλ,Nµ ‰ 0u;

that is, V pNνq Ă V pNλq b V pNµq for some N ě 1, where

P`Q :“ tλ P h˚ : xλ, α_i y P Q` @i P Iu.

For a finite-dimensional semisimple Lie algebra g̊, the saturated tensor cone Γp̊gq has been studied
extensively using geometric methods; we refer to the survey [Kum14]. In this case, Γp̊gq is a closed
polyhedral convex cone with inequalities determined by data coming from the cohomology of the
associated flag varieties. An important notion in this topic is that of a saturation factor for Γp̊gq,
which we define below.

Definition 4.3. We say that a positive integer d ě 1 is a saturation factor of g̊ (or equivalently of
Γp̊gq) if, for any pλ, µ; νq P Γp̊gq X pP`q3, we have V pdνq Ă V pdλq b V pdµq.

For example, the saturation theorem of Knutson and Tao [KT99] says that d “ 1 is a saturation
factor for Γpsln`1q. The saturation conjecture of Kapovich and Millson [KM06] posits that d “ 1
should also be a saturation factor for any simply-laced simple Lie algebra; it is known that the
minimal saturation factor for the non-simply laced types satisfy d ą 1.

When g is an affine Kac–Moody Lie algebra, Γpgq is no longer closed nor polyhedral (the semigroup
is infinitely generated); however, a similar set of inequalities governing the points of Γpgq were
conjectured by Brown and Kumar [BK14] and later proven by Ressayre [Res22] in this setting.
Further, it is not a priori clear that a saturation factor d (analogously defined as in Definition 4.3)
should exist for Γpgq. Nevertheless, in loc. cit. Ressayre provides saturation factors in this setting,

again building on the work of Brown and Kumar, who computed the saturation factors for g “ A
p1q
1 .

In the following sections, we will rely only on the existence of a saturation factor for Γpgq, and not
make explicit use of their specific values apart from the case of d “ 1 for Γpsln`1q.

Finally, we recall the definition of a δ-maximal component V pνq Ă V pλq b V pµq, taken from
[BK14, Definition 2.2] or [JK22, Definition 2.2].

Definition 4.4. Let V pνq Ă V pλqbV pµq be an irreducible component of the tensor product. We say
that V pνq is δ-maximal if V pν ` kδq Ć V pλq b V pµq for any k ą 0.

The δ-maximal components are natural tensor product analogues of the δ-maximal dominant weights
P`maxpλq of an irreducible representation V pλq. Likewise, we can often recover arbitrary components in
V pλqbV pµq by focusing on just the δ-maximal components. Motivated by the similarities, we would
like to understand the associated “δ-strings” in Γpgq, which should correspond to subrepresentations
V pν ´ kδq Ă V pλq b V pµq. Unfortunately, the exact analogue of Lemma 3.3 does not hold in general
for the appearance of components V pν ´ kδq. However, it is not too far from being correct; the goal
of the next section is to give the precise analogue of Lemma 3.3.

4.2. The Goddard–Kent–Olive construction. We next introduce the key technical tool which
will allow us to study the components of V pρqbV pρq, which is the Goddard–Kent–Olive (or GKO, for
short) construction of the Virasoro algebra. The GKO construction, which is particularly applicable
in the study of branching problems and the tensor decomposition problem, is a “relative” version of
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the earlier Sugawara coset construction. For further details, we refer to [KRR13, Lecture 10]. First,
we recall the definition of the Virasoro algebra in the following definition.

Definition 4.5. The Virasoro algebra V ir is a Lie algebra over C with basis tc, Lk : k P Zu with
commutator relations

rLk, Ljs “ pk ´ jqLk`j `
1

12
pk3

´ kqδk,´jc, rV ir, cs “ 0.

Given a finite-dimensional semisimple Lie algebra g̊, the Sugawara construction realizes V ir as

a subalgebra of pUpgq, a particular completion of the universal enveloping algebra of the associated
affine Kac–Moody Lie algebra. The utility of the construction is to examine highest weight irreducible
representations V pλq of g as representations of the Virasoro algebra. When we consider this realization
of the Virasoro algebra, we will denote the basis by tLg

k, c
gu.

The GKO construction considers an embedding g̊1 ãÑ g̊2 of finite-dimensional semisimple (or more
generally, reductive) Lie algebras, and remembers both the actions of their affinizations g1 and g2

on g2-modules. In particular, we can take the diagonal embedding g̊ ãÑ g̊ ‘ g̊. Then the Virasoro
algebra realization on the g‘ g-module V pλq b V pµq, for λ, µ P P` given by the GKO construction
is

LGKOk “ Lg‘g
k ´ Lg

k,

cGKO “ cg‘g ´ cg.

The following proposition, taken from [KRR13], encapsulates the key properties of this Virasoro
action on a tensor product V pλq b V pµq.

Proposition 4.6 ([KRR13], Proposition 10.3). Let g be the affine Kac–Moody Lie algebra associated
to a simple Lie algebra g̊ and λ, µ P P` with levels xλ,Ky “ l, xµ,Ky “ m. Then

(1) V pλq b V pµq is a unitarizable Virasoro representation with nonnegative central charge

pdim g̊q

ˆ

l

l ` h_
`

m

m` h_
´

l `m

l `m` h_

˙

,

where h_ is the dual Coxeter number of g ([Kac90, Section 6.1]).
(2) LGKO0 acts on V pλq b V pµq by

1

2

ˆ

pλ|λ` 2ρq

l ` h_
`
pµ|µ` 2ρq

m` h_
´

Ω

l `m` h_

˙

,

where Ω is the Casimir operator of g ([Kum02, Section 1.5]) and p¨|¨q is the normalized
form on h˚ as in [Kum02, Lemma 13.1.8]. Recall (loc. cit.) that Ω acts on a component
V pνq Ă V pλq b V pµq via the scalar pν|ν ` 2ρq.

(3) For all k, rLGKOk , g1s “ 0; i.e., the LGKOk are intertwining operators for the representation of
g1 on V pλq b V pµq.

In particular, given a δ-maximal component V pνq Ă V pλq b V pµq, Proposition 4.6(3) says that
LGKOk stabilizes the g1 isotypical component

ÿ

ně0

V pν ´ nδqm
ν´nδ
λ,µ Ă V pλq b V pµq,

with LGKOk ¨ vν either zero or a highest weight vector for the g-action, where vν is the highest weight
vector of V pνq. We refer to Kac–Wakimoto [KW88] who considered the connection between the action
of the GKO construction on these components and the nonvanishing of the multiplicities mν´kδ

λ,µ . This
was further used in the contexts of the affine tensor semigroup and affine tensor cone by Brown–
Kumar [BK14] and Ressarye [Res22]. These methods were adapted and crucially used in our previous
work [JK22] on the existence of root components in the tensor decomposition problem. The following
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proposition encapsulates the technical application of this approach; we refer to [JK22, Section 3] for
a more in-depth treatment and proofs.

Proposition 4.7. Let λ, µ P P` with positive levels l, m, respectively. Let V pνq Ă V pλq b V pµq be
a δ-maximal component. Then

(1) If pλ|λ`2ρq
l`h_

`
pµ|µ`2ρq
m`h_

´
pν|ν`2ρq
l`m`h_

‰ 0, then V pν ´ kδq Ă V pλq b V pµq for all k ě 0.
(2) Else, V pν ´ kδq Ă V pλq b V pµq for k “ 0, k ě 2, and V pν ´ δq Ć V pλq b V pµq.

Thus, the key takeaway is that by computing the action of LGKO0 on a potential δ-maximal com-
ponent V pνq Ă V pλq b V pνq, we can show the existence of all submodules of the form V pν ´ kδq by
demonstrating the appearance of V pνq in the tensor product. We note, however, that this does not
give a way to construct the δ-maximal components themselves; this typically must be done indepen-
dently of the Virasoro action considerations. These constructions, as well as verifying the positivity
of the LGKO0 action, will form the basis of our approach when restricting to λ “ µ “ ρ in the following
sections.

5. Components of V pdρq b V pdρq

In this section g is the affine Kac-Moody Lie algebra associated to a simple Lie algebra g̊.

With the previous details at our disposal, we can now consider the components of V pdρq b V pdρq
for a saturation factor d ě 1 of g. In particular, recall that by definition (as in Definition 4.3) if
λ ď 2ρ is a dominant integral weight such that V pNλq Ă V pNρq b V pNρq for some N ě 1, then for
any saturation factor d ě 1 we have V pdλq Ă V pdρqbV pdρq. Our approach is to first show, using the
convexity of the saturated tensor semigroup, that such an N exists for all dominant weights λ ď 2ρ.
First, we have the following proposition which is an adaptation of [CKM17, Proposition 9] to the
affine setting.

Proposition 5.1. Let λ P P` with λ ď 2ρ. Then we can write λ “ ρ` β for some weight β P Ppρq.

Proof. Since λ ď 2ρ, we have that λ ´ ρ P ρ ` Q. So, by Proposition 3.1, it suffices to show that
λ´ ρ P convQtwρ : w P W u. Now, by Proposition 3.12 and Corollary 3.11, we can write

λ “
ÿ

JĹI

cJ b̂Jp2ρq ` cδp´δq,

where as in Corollary 3.11, b̂Jp2ρq “ ρ` wJ0 pρq, and cJ , cδ P Q` with
ř

J cJ “ 1. Thus we have

λ´ ρ “
ÿ

JĹI

cJw
J
0 pρq ` cδp´δq.

Clearing denominators, we can write

Npλ´ ρq “
ÿ

JĹI

c1Jw
J
0 pρq ` c

1
δp´δq,

where N P Zě1, and c1J , c
1
δ P Z` with

ř

J c
1
J “ N . Now,

ÿ

JĹI

c1Jw
J
0 pρq “

ÿ

JĹI

c1J
N
wJ0 pNρq P PpNρq,

by Proposition 3.1 since

Nρ´
ÿ

JĹI

c1Jw
J
0 pρq “ ´

ÿ

JĹI

c1Jpw
J
0 pρq ´ ρq P Q.
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By Lemma 3.3, we have that subtracting c1δpδq will remain a weight of PpNρq so that in total we get
Npλ´ ρq P PpNρq. Since Npλ´ ρq is an integral weight in PpNρq, by Proposition 3.1 we can write

Npλ´ ρq “
ÿ

wPW

awwpNρq “ N
ÿ

wPW

awwpρq

for some aw P Q` with
ř

wPW aw “ 1. Dividing by N and using Proposition 3.1 again gives the result
since

p
ÿ

wPW

awwpρqq ´ ρ “ λ´ 2ρ P Q by assumption.

. �

Remark 5.2. By the same proof, since the candidates for vertices of the dominant weight polyhedron
depend linearly on the highest weight, we have that for any integer M ě 1, if λ P P` such that
λ ď 2Mρ, then we can write λ “Mρ` β for some weight β P PpMρq.

Remark 5.3. Using Proposition 5.1, one could alternatively adapt the proof of Theorem 1.2 as in
[CKM17] in a straightforward way to prove our Theorem 1.3(1) using the results of Ressayre [Res22]
on the inequalities for the affine tensor semigroup. We do not take that approach, however, and

instead highlight the use of the GKO construction, which will be key to the case g “ A
p1q
n .

Now, we can use Proposition 5.1 and Remark 5.2 for λ ď 2Mρ to simplify the proof of the following
computational proposition. This, in turn, will allow us to apply the GKO construction to reduce the
proof of Theorem 1.3 to the δ-maximal components by using Proposition 4.7.

Proposition 5.4. Let M ě 1 be an integer, and let λ P P` with λ ď 2Mρ. Then

2pMρ|pM ` 2qρq

pM ` 1qh_
´
pλ|λ` 2ρq

p2M ` 1qh_
ą 0.

Proof. Write λ “Mρ` β for some β P PpMρq. Substituting this for λ and by careful simplification,
we get

2pMρ|pM ` 2qρq

pM ` 1qh_
´
pλ|λ` 2ρq

p2M ` 1qh_
“

1

pM ` 1qp2M ` 1qh_
`

p2M ` 4qppMρ|Mρq ´ pMρ|βqq

` pM ` 1qppMρ|Mρq ´ pβ|βqq ` 2pMρ|Mρq ` p2ρ|Mρ´ βq
˘

.

But by [Kac90, Proposition 11.4], we have that pMρ|Mρq ´ pMρ|βq ě 0 and pMρ|Mρq ´ pβ|βq ě 0,
since β P PpMρq. Finally, one can check that 2pMρ|Mρq “ 2M2pρ|ρq ą 0, and p2ρ|Mρ ´ βq ě 0,
since Mρ´ β P Q`. Thus the expression of the proposition is strictly positive. �

With this in hand, we can apply Proposition 4.7 to conclude the following. Observe that, by
definition, h_ :“ xρ,Ky.

Corollary 5.5. Let M be a positive integer. Take λ P P` such that V pλq Ă V pMρq b V pMρq is a
δ-maximal component. Then V pλ´ kδq Ă V pMρq b V pMρq for any k ě 0.

We can now prove the following theorem, which is the first major result of this paper.

Theorem 5.6. Take λ P P` such that λ ď 2ρ. Then V pdλq Ă V pdρq b V pdρq for any saturation
factor d of g.

Proof. As in the proof of Proposition 5.1, write

λ “
ÿ

JĹI

cJ b̂Jp2ρq ` cδp´δq, for cJ , cδ P Q`.

Again clearing denominators, we write (for some integer N ě 1)

Nλ “
ÿ

JĹI

c1J b̂Jp2ρq ` c
1
δp´δq
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with each c1J , c
1
δ P Z` and

ř

J c
1
J “ N . But since c1J b̂Jp2ρq “ c1Jρ ` wJ0 pc

1
Jρq (cf. Corollary 3.11), via

the PRV components of Theorem 4.1 we get that V pc1J b̂Jp2ρqq Ă V pc1JρqbV pc
1
Jρq for all J . (Observe

that ρ` wJ0 pρq is a dominant weight.) Thus by additivity in the tensor semigroup, we get

V pΛq Ă V pNρq b V pNρq,

where Λ :“
ř

JĹI c
1
J b̂Jp2ρq. Finally, by Corollary 5.5, we get (by replacing Λ with the corresponding

δ-maximal component) that

V pNλq “ V pΛ´ c1δpδqq Ă V pNρq b V pNρq.

Thus by the existence of a saturation factor for the affine tensor cone, we have that V pdλq Ă
V pdρq b V pdρq for any saturation factor d, as desired. �

Remark 5.7. Assume that λ P P`, λ ď 2ρ is such that

V pdλq Ă V pdρq b V pdρq, for some d P Zą0.

Then, for any k P Z and λ1 P P` such that λ1 ď 2pρ` kδq,

V pdλ1q Ă V pdpρ` kδqq b V pdpρ` kδqq.

To prove this, observe that for any µ P P` and k P Z,

V pµ` kδq » V pµq b V pkδq.

6. The case g “ A
p1q
n and conjecture for other types

In this section, we restrict our attention to the case when g “ A
p1q
n “ psln`1. By Theorem 5.6, we

know that for any saturation factor d for g we have that V pdλq Ă V pdρq b V pdρq for all dominant
λ ď 2ρ. However, unlike in the corresponding finite-dimensional simple Lie algebra g̊ “ sln`1, the

saturation factor d cannot be taken to be d “ 1. It is known ([Res22, Theorem 3]) that in type A
p1q
n ,

any d ě 2 is a saturation factor.
While the method of proof of Theorem 5.6, applied to a finite-dimensional semisimple Lie algebra,

give a new proof of Theorem 1.2, we will assume the validity of Theorem 1.2 and use it to prove

the corresponding result for A
p1q
n . By Corollary 5.5, it suffices to consider (to prove the following

Theorem 6.2) the case when λ P P`maxp2ρq. Since for A
p1q
n we have that δ “ α0 ` α1 ` ¨ ¨ ¨ ` αn, by

Proposition 3.4, we know that any δ-maximal dominant weight λ ď 2ρ satisfies

suppp2ρ´ λq Ĺ I “ t0, 1, . . . , nu,

where we say for any γ P Q` the support supppγq “ ti P I : ci ‰ 0 where γ “
ř

iPI ciαiu. We
first give the following lemma, for certain such λ, following a similar approach as in [JK22, Proof of
Proposition 6.4].

Lemma 6.1. Let λ P P`maxp2ρq such that 2ρ´ λ P Q̊`. Then V pλq Ă V pρq b V pρq.

Proof. Let V̊ pρq be the g̊-submodule of V pρq generated by the highest weight vector vρ P V pρq, and

similarly for V̊ pλq. Then by Theorem 1.2, we know that

V̊ pλq Ă V̊ pρq b V̊ pρq.

Let vλ P V pρq b V pρq be a corresponding highest weight vector for g̊ that generates V̊ pλq. We claim
that this is in fact a highest weight vector for g. All that remains to check is that e0.vλ “ 0, where
e0 is a root vector corresponding to the positive root α0. But by convention, we have that ρpdq “ 0,

so that no vector in V pρqb V pρq can have weight ν with νpdq ě 1. And, since 2ρ´λ P Q̊`, we know
that λpdq “ 0. But then if e0.vλ ‰ 0, we have that e0vλ has weight satisfying pλ`α0qpdq “ α0pdq “ 1,
a contradiction. Thus e0.vλ “ 0, so that V pλq Ă V pρq b V pρq. �



COMPONENTS OF V pρq b V pρq 15

By the symmetry of the Dynkin diagram of type A
p1q
n , Lemma 6.1 actually suffices to handle the

case of all δ-maximal weights λ P P`maxp2ρq. Together with Corollary 5.5 for M “ 1, we arrive at the
following theorem.

Theorem 6.2. Let g “ A
p1q
n , and let λ P P` with λ ď 2ρ. Then V pλq Ă V pρq b V pρq.

Proof. First, let λ P P`maxp2ρq be a δ-maximal weight. We know that suppp2ρ´λq Ĺ I. Consider any

diagram automorphism σ of the Dynkin diagram of A
p1q
n such that supppσp2ρ´ λqq Ă Izt0u. Then σ

induces an automorphism of g and also of V pρq and V pρqbV pρq (since ρ is stable under the diagram
automorphism). If λ1 :“ σpλq P P` is the corresponding dominant integral weight, we thus have
λ1 ď 2ρ and suppp2ρ ´ λ1q Ă Izt0u, so by Lemma 6.1 we get that V pλ1q Ă V pρq b V pρq. Applying
σ´1, we get that V pλq Ă V pρq b V pρq. Now, the theorem follows by applying Corollary 5.5. �

For g of other types, we do not have the utility of diagram automorphisms that allow us the
reduction to those λ with 2ρ ´ λ P Q̊`. Even if this were the case, as Conjecture 1.1 is only known
to hold in types An and the exceptional types, the proof method used for Theorem 6.2 to leverage
the result for g̊ is not easily adaptable.

However, direct computer-verified computations via the software Sage [TSD17] show that Theorem

6.2 extends for low rank examples like g “ B
p1q
2 , G

p1q
2 , B

p1q
3 , and D

p1q
4 . Thus, we conclude by proposing

the following analogue of Kostant’s conjecture for affine Kac–Moody Lie algebras.

Conjecture 6.3. Let g be any untwisted affine Kac–Moody Lie algebra, and λ P P` such that λ ď 2ρ.
Then V pλq Ă V pρq b V pρq.
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