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1. Introduction

Let G be a simple, connected, simply-connected complex algebraic group. We choose 
a Borel subgroup B and a maximal torus H ⊂ B. We denote their Lie algebras by g, b, h
respectively. Let R = Rg ⊂ h∗ be the set of roots of g and let R+ be the set of positive 
roots (i.e., the set of roots of b). Let Δ = {α1, . . . , α�} ⊂ R+ be the set of simple roots.

Consider the fundamental alcove A ⊂ h defined by

A = {μ ∈ h : αi(μ) ≥ 0 for all simple roots αi and θo(μ) ≤ 1} ,
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where θo is the highest root of g. Then, A parameterizes the K-conjugacy classes of K
under the map C : A → K/ AdK,

μ �→ c(Exp(2πiμ)),

where K is a maximal compact subgroup of G and c(Exp(2πiμ)) denotes the K-conjugacy 
class of Exp(2πiμ). Fix a positive integer n ≥ 3 and define the multiplicative eigen poly-
tope

Cn := {(μ1, . . . , μn) ∈ A n : 1 ∈ C(μ1) . . . C(μn)} .

Then, Cn is a rational convex polytope with nonempty interior in hn. Our aim is 
to describe the facets (i.e., the codimension one faces) of Cn which meet the interior 
of A n.

We need to introduce some more notation before we can state our results. Let P
be a standard parabolic subgroup (i.e., P ⊃ B) and let L ⊂ P be its Levi subgroup 
containing H. Then, BL := B ∩ L is a Borel subgroup of L. We denote the Lie algebras 
of P , L, BL by the corresponding Gothic characters: p, l, bL respectively. Let Rl be the 
set of roots of l and R+

l
be the set of roots of bL. We denote by ΔP the set of simple 

roots contained in Rl and we set

SP := Δ \ ΔP .

For any 1 ≤ j ≤ �, define the element xj ∈ h by

αi(xj) = δi,j , ∀ 1 ≤ i ≤ �.

Let W be the Weyl group of G and let WP be the set of the minimal length represen-
tatives in the cosets of W/WP , where WP is the Weyl group of P . For any w ∈ WP , 
let XP

w := BwP/P ⊂ G/P be the corresponding Schubert variety and let {σP
w}w∈WP be 

the Poincaré dual (dual to the fundamental class of XP
w ) basis of H∗(G/P, Z).

We begin with the following theorem. It was proved by Biswas [14] in the case G = SL2; 
by Belkale [5] for G = SLm (and in this case a slightly weaker result by Agnihotri–
Woodward [1] where the inequalities were parameterized by 〈σP

u1
, . . . , σP

un
〉d = 0); and 

by Teleman–Woodward [39] for general G. It may be recalled that the precursor to 
these results was the result due to Klyachko [23] determining the additive eigencone 
for SLm.

Theorem 1.1. Let (μ1, . . . , μn) ∈ A n. Then, the following are equivalent:
(a) (μ1, . . . , μn) ∈ Cn.
(b) For any standard maximal parabolic subgroup P of G, any u1, . . . , un ∈ WP , and 

any d ≥ 0 such that the Gromov–Witten invariant (cf. Definition 2.1)
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〈σP
u1
, . . . , σP

un
〉d = 1,

the following inequality is satisfied:

I P
(u1,...,un;d) :

n∑
k=1

ωP (u−1
k μk) ≤ d,

where ωP is the fundamental weight ωiP such that αiP is the unique simple root in SP .

Even though this result describes the inequalities determining the polytope Cn, how-
ever for groups other than G of type A�, the above system of inequalities has redundan-
cies. The aim of our work is to give an irredundant subsystem of inequalities determining 
the polytope Cn.

To achieve this, similar to the notion of Levi-movability of Schubert varieties in 
X = G/P (for any parabolic P ) introduced in [12], which gives rise to a deformed 
product in the cohomology H∗(X), we have introduced here the notion of quan-
tum Levi-movability resulting into a deformed product in the quantum cohomology 
QH∗(X) parameterized by {τi}αi∈SP

as follows. As a Z[q, τ ]-module, it is the same 
as H∗(X, Z) ⊗Z Z[q, τ ], where q (resp. τ) stands for multi variables {qi}αi∈SP

(resp. 
{τi}αi∈SP

). For u, v ∈ WP , define the Z[q, τ ]-linear quantum deformed product by

σP
u � σP

v =
∑

d≥0∈H2(X,Z);w∈WP

( ∏
αi∈SP

τ
Ai(u,v,w,d)
i

)
qd〈σP

u , σ
P
v , σ

P
w 〉dσP

wowwP
o
, (1)

where wo (resp. wP
o ) is the longest element of W (resp. WP ),

Ai(u, v, w, d) = (χe − χu − χv − χw)(xi) + 2aig∗

〈αi, αi〉
,

χw =
∑

β∈(R+\R+
l

)∩w−1R+ β, g∗ is the dual Coxeter number of g, 〈 , 〉 is the normalized 
Killing form so that 〈θo, θo〉 = 2 and ai is defined by the identity (7). It is shown that, 
for a cominuscule maximal parabolic subgroup P , the deformed product coincides with 
the original product in the quantum cohomology of X (cf. Lemma 3.6).

We have the following result obtained by crucially using deformation theory (cf. The-
orem 3.3 and Lemma 3.4).

Theorem 1.2. Let u1, . . . , un ∈ WP and d = (ai)αi∈SP
∈ H2(X, Z) be such that 

〈σP
u1
, σP

u2
, . . . , σP

un
〉d = 0. Then, for any αi ∈ SP ,

(χe −
n∑

k=1

χuk
)(xi) + g∗〈xi, d̃〉 ≥ 0,

where d̃ =
∑

α ∈S ajα
∨
j and α∨

j are the simple coroots.

j P
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Evaluating each τi = 0 in the identity (1) (which is well defined because of the above 
theorem and the identity (11)), we get

σP
u �0 σ

P
v =

′∑
d,w

qd〈σP
u , σ

P
v , σ

P
w 〉dσP

wowwP
o
,

where the sum is restricted over those d ≥ 0 ∈ H2(X, Z) and w ∈ WP so that 
Ai(u, v, w, d) = 0 for all αi ∈ SP . We shall denote the coefficient of qdσP

wowwP
o

in 

σP
u �0 σ

P
v by 〈σP

u , σ
P
v , σ

P
w 〉�0

d . Similarly, we shall denote the coefficient of qdσP
wounwP

o
in 

σP
u1

�0 . . .�0 σ
P
un−1

by 〈σP
u1
, . . . , σP

un
〉�0
d . We give an equivalent characterization of when 

〈σP
u1
, . . . , σP

un
〉�0
d = 0 in Theorem 3.16. Now our first main theorem on the multiplicative 

eigen problem is the following (cf. Theorem 4.1):

Theorem 1.3. Let (μ1, . . . , μn) ∈ A n. Then, the following are equivalent:
(a) (μ1, . . . , μn) ∈ Cn.
(b) For any standard maximal parabolic subgroup P of G, any u1, . . . , un ∈ WP , and 

any d ≥ 0 such that

〈σP
u1
, . . . , σP

un
〉�0
d = 1,

the following inequality is satisfied:

I P
(u1,...,un;d) :

n∑
k=1

ωP (u−1
k μk) ≤ d.

The role of the flag varieties (G/B)n in [12] is replaced here by the quasi-parabolic 
moduli stack ParbunG of principal G-bundles on P1 with parabolic structure at the 
marked points b1, . . . , bn ∈ P1. The proof makes crucial use of the canonical reduction of 
parabolic G-bundles and a certain Levification process of principal P -bundles (cf. Sub-
section 3.8), which allows degeneration of a principal P -bundle to a L-bundle (a process 
familiar in the theory of vector bundles as reducing the structure group to a Levi sub-
group of P ).

Our second main theorem on the multiplicative eigen problem (cf. Theorem 8.1) 
asserts that the inequalities given by the (b)-part of the above theorem provide an 
irredundant system of inequalities defining the polytope Cn. Specifically, we have the 
following result. This result for G = SLm was proved by Belkale combining the works [8,
9] (see Remark 8.6). It is the multiplicative analogue of Ressayre’s result [37]. Our proof 
is a certain adaptation of Ressayre’s proof. There are additional technical subtleties in-
volving essential use of the moduli stack of G-bundles and its smoothness, conformal 
field theory, affine flag varieties and the classification of line bundles on them.

Theorem 1.4. Let n ≥ 3. The inequalities

I P
(u1,...,un;d) :

n∑
ωP (u−1

k μk) ≤ d,

k=1
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given by part (b) of the above theorem (as we run through the standard maximal parabolic 
subgroups P , n-tuples (u1, . . . , un) ∈ (WP )n and non-negative integers d such that 
〈σP

u1
, . . . , σP

un
〉�0
d = 1) are pairwise distinct (even up to scalar multiples) and form an 

irredundant system of inequalities defining the eigen polytope Cn inside A n, i.e., the hy-
perplanes given by the equality in I P

(u1,...,un;d) are precisely the (codimension one) facets 
of the polytope Cn which intersect the interior of A n.

To show that the inequality I P
(u1,...,un;d) can not be dropped, we produce (following 

Ressayre’s general strategy [37]) a collection of points of Cn for which the above in-
equality is an equality, and such that their convex span has the dimension of a facet 
(i.e., −1 + n dim h). This is achieved by the parabolic analogue of Narasimhan–Seshadri 
theorem for the Levi subgroup L resulting in a description of Cn for L in terms of 
the non-vanishing of the space of global sections of certain line bundles on the moduli 
stack ParbunL(d) of quasi-parabolic L-bundles of degree d (cf. Theorem 5.2 applied to 
the semisimple part of L and Corollary 7.6). To be able to use the parabolic analogue 
of Narasimhan–Seshadri theorem, we need a certain Levi twisting, which produces an 
isomorphism of ParbunL(d) with ParbunL(d ± 1) (cf. Lemma 7.4).

Section 8 of the paper is greatly influenced by Ressayre [37] as will be clear to any 
informed reader.

It may be remarked that our work completes the multiplicative eigenvalue problem for 
compact simply-connected groups in the sense that we determine the multiplicative eigen 
polytope Cn by giving an irredundant system of inequalities defining it. The problem 
of a recursive description of Cn in terms of eigen polytopes of “smaller groups” remains 
open for general G (for G = SLm this has been carried out in [10]).

2. Notation and preliminaries

2.1. Notation

Let G be a semisimple, connected, simply-connected complex algebraic group. We 
choose a Borel subgroup B and a maximal torus H ⊂ B and let W = WG := NG(H)/H
be the associated Weyl group, where NG(H) is the normalizer of H in G. Let P ⊇ B be a 
(standard) parabolic subgroup of G and let U = UP be its unipotent radical. Consider 
the Levi subgroup L = LP of P containing H, so that P is the semi-direct product of U
and L. Then, BL := B ∩L is a Borel subgroup of L. Let Λ = Λ(H) denote the character 
group of H, i.e., the group of all the algebraic group morphisms H → Gm. Clearly, W
acts on Λ. We denote the Lie algebras of G, B, H, P , U , L, BL by the corresponding 
Gothic characters: g, b, h, p, u, l, bL respectively. We will often identify an element λ of Λ
(via its derivative λ̇) by an element of h∗. Let R = Rg ⊂ h∗ be the set of roots of g with 
respect to the Cartan subalgebra h and let R+ be the set of positive roots (i.e., the set of 
roots of b). Similarly, let Rl be the set of roots of l with respect to h and R+

l
be the set of 

roots of bL. Let Δ = {α1, . . . , α�} ⊂ R+ be the set of simple roots, {α∨
1 , . . . , α

∨
� } ⊂ h the 



1314 P. Belkale, S. Kumar / Advances in Mathematics 288 (2016) 1309–1359
corresponding simple coroots and {s1, . . . , s�} ⊂ W the corresponding simple reflections, 
where � is the rank of G. We denote by ΔP the set of simple roots contained in Rl and 
we set

SP := Δ \ ΔP .

For any 1 ≤ j ≤ �, define the element xj ∈ h by

αi(xj) = δi,j , ∀ 1 ≤ i ≤ �. (2)

Further, define the element x̄j by

x̄j = Njxj , (3)

where Nj is the smallest positive integer such that Njxj is in the coroot lattice Q∨ ⊂ h

of G.
Recall that if WP is the Weyl group of P (which is, by definition, the Weyl Group 

WL of L), then each coset of W/WP contains a unique member w of minimal length. 
This satisfies:

wBLw
−1 ⊆ B. (4)

Let WP be the set of the minimal length representatives in the cosets of W/WP .
For any w ∈ WP , define the Schubert cell:

CP
w := BwP/P ⊂ XP := G/P.

Then, it is a locally closed subvariety of the flag variety XP , isomorphic with the affine 
space A�(w), �(w) being the length of w. Its closure is denoted by XP

w , which is an irre-
ducible (projective) subvariety of XP of dimension �(w). We denote the point wP ∈ CP

w

by ẇ. We abbreviate XB
w by Xw. We define the shifted Schubert cell ΛP

w := w−1BwP/P , 
and its closure is denoted by Λ̄P

w . Then, BL keeps ΛP
w (and hence Λ̄P

w) stable by (4).
Let μ(XP

w ) denote the fundamental class of XP
w considered as an element of the 

singular homology with integral coefficients H2�(w)(XP , Z) of XP . Then, from the 
Bruhat decomposition, the elements {μ(XP

w )}w∈WP form a Z-basis of H∗(XP , Z). Let 
{σP

w}w∈WP be the Poincaré dual basis of the singular cohomology with integral coeffi-
cients H∗(XP , Z). Thus, σP

w ∈ H2(dim XP−�(w))(XP , Z).
An element λ ∈ Λ is called dominant (resp. dominant regular) if λ̇(α∨

i ) ≥ 0 (resp. 
λ̇(α∨

i ) > 0) for all the simple coroots α∨
i . Let Λ+ (resp. Λ++) denote the set of all the 

dominant (resp. dominant regular) characters. We denote the fundamental weights by 
{ωi}1≤i≤�, i.e.,

ωi(α∨
j ) = δi,j .
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For any λ ∈ Λ, we have a G-equivariant line bundle L(λ) on G/B associated to the 
principal B-bundle G → G/B via the one dimensional B-module λ−1. (Any λ ∈ Λ
extends uniquely to a character of B.) The one dimensional B-module λ is also de-
noted by Cλ. If λ vanishes on {α∨

i }αi∈ΔP
, it defines a character of P and hence a 

line bundle LP (λ) on XP associated to the character λ−1 of P . It is easy to see 
that

∫
XP

si

c1(LP (λ)) = λ(α∨
i ), for any αi ∈ SP . (5)

For w ∈ WP , define χw = χP
w ∈ h∗ by

χw =
∑

β∈(R+\R+
l

)∩w−1R+

β = ρ− 2ρL + w−1ρ, (6)

where ρ (resp. ρL) is half the sum of roots in R+ (resp. in R+
l

).
All the schemes are considered over the base field of complex numbers C. The varieties 

are reduced (but not necessarily irreducible) schemes.

2.2. Quantum cohomology of XP

We refer the reader to [26,18] for the foundations of small quantum cohomology (also 
see [19]). Let X = XP be the flag variety as above, where P is any standard parabolic 
subgroup. Then,

{μ(XP
si)}αi∈SP

is a Z-basis of H2(X, Z).
Introduce the variables qi associated to each αi ∈ SP . For

d =
∑

αi∈SP

aiμ(XP
si) ∈ H2(X,Z), (7)

let qd :=
∏

αi∈SP
qai
i . We say d ≥ 0 if each ai ≥ 0. We denote the class d by 

(ai)αi∈SP
.

Definition 2.1. Let u1, . . . , un ∈ WP and d ≥ 0 ∈ H2(X). Fix distinct points 
b1, . . . , bn ∈ P1, and a general point (g1, . . . , gn) ∈ Gn. Let

〈σP
u1
, σP

u2
, . . . , σP

un
〉d (8)

be the number of maps (count as 0 if infinite) f : P1 → X of degree d (i.e., f∗[P1] =
d ∈ H2(X)) such that f(bk) ∈ gkC

P
uk

, k = 1, . . . , n. These are called Gromov–Witten 
numbers.
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Definition 2.2. Call a tuple (P ; u1, . . . , un; d) as above quantum non-null if there are 
maps f (possibly infinitely many) in the setting of Definition 2.1. This notion will play 
a role in Section 4.

The space of maps P1 → X of degree d is a smooth variety of dimension dimX +∫
d
c1(TX), where TX is the tangent bundle of X. Therefore, (8) is zero unless

n∑
k=1

codim[Λ̄P
uk

] = dimX +
∫
d

c1(TX). (9)

Let wo (resp. wP
o ) be the longest element of the Weyl group W (resp. WP ). Now, the 

quantum product in H∗(X, Z) ⊗Z Z[qi]αi∈SP
is defined by

σP
u � σP

v =
∑
d≥0

qd〈σP
u , σ

P
v , σ

P
w 〉dσP

wowwP
o
, (10)

giving rise to a graded associative and commutative ring, where we assign the degree of 
qi to be 

∫
XP

si

c1(TX), which is clearly equal to 2 − 2ρL(α∨
i ) by the equation (5).

We note that there exist maps P1 → X of any degree d ≥ 0.

3. Quantum Levi-movability and a deformed product in the quantum cohomology 
of XP

Consider a commutative and associative ring R over Z freely (additively) generated 
by {eu}u∈I . Write

eu · ev =
∑

cwu,vew, for cwu,v ∈ Z.

Consider a multigrading γ : I → ZS , where S is a set with m elements, such that 
whenever cwu,v = 0, we have

γ(w) − γ(u) − γ(v) ≥ 0,

where an element �a = (ai)i∈S ∈ ZS is ≥ 0 if each ai ≥ 0. Introduce m = |S| variables 
τi, i ∈ S. For �a ∈ ZS , define τ�a =

∏
i∈S τai

i . Define a new product �τ on R⊗ZZ[τi]i∈S by

eu �τ ev =
∑

τγ(w)−γ(u)−γ(v)cwu,vew.

Lemma 3.1.

(1) �τ is a commutative and associative ring.
(2) Putting all τi = 0 gives a commutative and associative multigraded ring (i.e., the 

product respects the multigrading). More specifically, the ring structure �0 is given 
by the following:
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eu �0 ev =
′∑

cwu,vew,

where the sum is restricted over those w such that γ(w) = γ(u) + γ(v).

Example 3.2. The deformed product in H∗(XP ) as introduced by Belkale–Kumar in [12]
comes from such a situation with

γ(u) = (χu(xi))αi∈SP
,

and the Schubert basis {σP
w}w∈WP , where χu is defined by the identity (6).

Let X = XP be any flag variety. Recall the definition of the small quantum cohomol-
ogy of X from Section 2. We give the definition of a certain deformation of the quantum 
product in X as below.

We begin with the following result, which will be proved towards the end of this 
section.

Theorem 3.3. Let u1, . . . , un ∈ WP and d = (ai)αi∈SP
∈ H2(X, Z) be such that 

〈σP
u1
, σP

u2
, . . . , σP

un
〉d = 0. Then, for any αi ∈ SP ,

(χe −
n∑

k=1

χuk
)(xi) +

∑
α∈R+\R+

l

α(xi)α(d̃) ≥ 0,

where d̃ =
∑

αj∈SP
ajα

∨
j .

Consider the normalized Killing form 〈 , 〉 on h∗ normalized so that 〈θo, θo〉 = 2, where 
θo is the highest root of g. This gives rise to an identification

κ : h∗ → h.

It is easy to see that

κ(ωi) = 〈αi, αi〉
2 xi. (11)

The following form is studied in [16, Chap. VI, §1.12]. Even though well-known, we did 
not find the following lemma in its present form in the literature (and hence we have 
included a proof).

Lemma 3.4. For any h, h′ ∈ h,
∑
α∈R

α(h)α(h′) = 2g∗〈h, h′〉,

where g∗ := 1 + 〈ρ, θ∨o 〉 is the dual Coxeter number of g.
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Proof. Consider the bilinear form on h given by 〈h, h′〉′ :=
∑

α∈R α(h)α(h′). It is 
W -invariant and hence it is a multiple of the original Killing form, i.e., 〈h, h′〉′ = z〈h, h′〉, 
for some constant z. To calculate z,

2z = 〈θ∨o , θ∨o 〉′

=
∑
α∈R

α(θ∨o )2

= 4 + 2
∑

α∈R+

α(θ∨o ), since α(θ∨o ) ∈ {0, 1} ∀α ∈ R+ \ {θo}

= 4 + 4ρ(θ∨o )

= 4g∗. �
Theorem 3.3 and the general deformation principle spelled out in Lemma 3.1 allows 

us to give the following deformed product in the quantum cohomology of X.

Definition 3.5. Introduce the τ -deformation of the quantum cohomology of X as follows:
As a Z[q, τ ]-module, it is the same as H∗(X, Z) ⊗Z Z[q, τ ], where q (resp. τ) stands 

for multi variables {qi}αi∈SP
(resp. {τi}αi∈SP

). For u, v ∈ WP , define the Z[q, τ ]-linear 
deformed product by

σP
u � σP

v =
∑

d≥0∈H2(X,Z);w∈WP

( ∏
αi∈SP

τ
Ai(u,v,w,d)
i

)
qd〈σP

u , σ
P
v , σ

P
w 〉dσP

wowwP
o
,

where (for d = (ai)αi∈SP
)

Ai(u, v, w, d) = (χe − χu − χv − χw)(xi) + 2aig∗

〈αi, αi〉
. (12)

Using Lemma 3.4 and the equation (11) (and observing that for α ∈ R+
l

, α(xi) = 0 for 
any αi ∈ SP ), we get another expression:

Ai(u, v, w, d) = (χe − χu − χv − χw)(xi) +
∑

α∈R+\R+
l

α(xi)α(d̃).

Evaluating each τi = 0 in the above (which is well defined because of Theorem 3.3), 
we get

σP
u �0 σ

P
v =

′∑
d,w

qd〈σP
u , σ

P
v , σ

P
w 〉dσP

wowwP
o
,

where the sum is restricted over those d ≥ 0 ∈ H2(X, Z) and w ∈ WP so that 
Ai(u, v, w, d) = 0 for all αi ∈ SP . We shall denote the coefficient of qdσP

wowwP
o

in σP
u �0σ

P
v

by 〈σP
u , σ

P
v , σ

P
w 〉�0

d .
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From the general deformation principle given in Lemma 3.1, taking the multigraded 
function γ = (γi)αi∈SP

defined by

γi(qdσP
w ) = χw(xi) + 2aig∗

〈αi, αi〉
for d = (aj)αj∈SP

∈ H2(X,Z),

it follows that � and �0 give associative (and commutative) products.

Lemma 3.6. Let P be a cominuscule maximal standard parabolic subgroup of G (i.e., the 
unique simple root αiP ∈ SP appears with coefficient 1 in the highest root of R+). Then, 
the deformed product � coincides with the quantum product � in H∗(XP ) ⊗Z Z[qiP ].

Proof. By the definition of �, it suffices to show that for any u, v, w ∈ WP and d =
aiP ∈ H2(XP , Z), such that 〈σP

u , σ
P
v , σ

P
w 〉d = 0,

AiP (u, v, w, d) = 0. (13)

Since P is cominuscule, by [12], Proof of Lemma 19,

χw(xiP ) = codim(ΛP
w : XP ). (14)

Moreover, the quantum cohomological degree of qiP equals
∫

XP
siP

c1(TXP ) =
∑

α∈R+\R+
l

α(α∨
iP ), by equation (5). (15)

Thus, since 〈σP
u , σ

P
v , σ

P
w 〉d = 0, we get (by equating the cohomological degrees on the 

two sides of (10))

codim(ΛP
u : XP ) + codim(ΛP

v : XP ) = dim ΛP
w + aiP · degree qiP . (16)

Combining equations (14), (15) and (16) with Lemma 3.4, we get equation (13) (since 
α(xiP ) = 1 for all α ∈ R+ \R+

l
, P being cominuscule). �

3.1. The enumerative problem of small quantum cohomology in terms of principal 
bundles

Let E be a principal right G-bundle on P1. It is well-known that sections f : P1 → E/P

are in one to one correspondence with reductions of the structure group of E to P . (This 
correspondence is true for P1 replaced by any scheme Y .) This correspondence works as 
follows: Given f , let P be the right P -bundle with fiber f(x)P ⊆ Ex over x ∈ P1. It is then 
easy to see that there is a canonical isomorphism of principal G-bundles P ×P G → E. 
For E = εG, the trivial bundle P1 ×G → P1,
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(1) sections f correspond to maps f̄ : P1 → XP .
(2) For αi ∈ SP , let E(ωi) := ε � LP (ωi) be the corresponding line bundle on E/P =

P1 ×XP , where ε is the trivial line bundle on P1. Then, f̄ has degree d = (ai)αi∈SP

if c1(f∗(E(ωi))) = ai (using the identity (5)).

Let E be a principal G-bundle on P1. We want to state an enumerative problem for 
E that corresponds to that of Definition 2.1 for E = εG. Fix distinct points b1, . . . , bn ∈
P1, u1, . . . , un ∈ WP and d = (ai)αi∈SP

≥ 0 ∈ H2(XP ). Fix general choices of ḡk ∈
Ebk/B, where Ebk is the fiber of E over bk. The enumerative problem, which gives the 
Gromov–Witten numbers 〈σP

u1
, . . . , σP

un
〉d in the case E = εG, is the following: Count the 

number of sections f : P1 → E/P (count as 0 if infinite), such that

(1) c1(f∗(E(ωi))) = ai for each αi ∈ SP , where E(ωi) is the line bundle E ×P C−ωi
on 

E/P .
(2) f(bk) ∈ Ebk/P and ḡk ∈ Ebk/B are in relative position uk ∈ WP , k = 1, . . . , n, 

defined as follows. Pick a trivialization e ∈ Ebk and write f(bk) = ehkP and ḡk =
egkB. Then, we want hk ∈ gkBukP ⊆ XP . A different choice of e acts on hk and gk
by a left multiplication and therefore does not affect the relative position.

The above enumerative problem may be degenerate for some E in the sense that the 
number of such sections f may be infinite.

3.2. Tangent spaces

For the homogeneous space X = XP , the tangent bundle TX is globally generated 
(since g ⊗ OX surjects onto TX).

Fix any αi ∈ SP . We can filter Tė := T (XP )ė � g/p by counting the multiplicity of αi

in the root spaces in g/p, where ė is the base point of X. Specifically, for any r ≥ 1, let 
Ti,r ⊂ Tė be the P-submodule spanned by the root spaces g−α of Tė such that α(xi) < r. 
Define the P -module Qi,r by the following:

0 → Ti,r → Tė → Qi,r → 0.

Let Qi,r (resp. Ti,r) be the vector bundle on X arising from the P -module Qi,r

(resp. Ti,r). Since Qi,r are quotients of TX , they are globally generated. Let βi :=∑
r≥1 c1(Qi,r), and define the integers si,j =

∫
XP

sj

βi, for any αi, αj ∈ SP . Then, it is 
easy to see (using the equation (5)) that

si,j =
∑

α∈R+\R+
l

α(xi)α(α∨
j ). (17)

This is a non-negative integer since Qi,r’s are globally generated.
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3.3. Some deformation theory

Let E be a principal G-bundle on a smooth projective curve C and let P ⊆ G

be a parabolic subgroup. Let f : C → E/P be a section, and P the corresponding 
P -bundle.

Let Z be the space of sections f : C → E/P . This is a subscheme of the scheme Z of 
maps β : C → E/P . Let M be the scheme of maps C → C. Then, we have the morphism 
φ : Z → M , β �→ γ ◦ β, where γ : E/P → C is the canonical projection. By definition, 
Z is the fiber of φ over the identity map IC .

Lemma 3.7. For any f ∈ Z, the Zariski tangent space TZf is identified with 
H0(C, f∗Tv(E/P )), where Tv is the vertical tangent bundle.

Proof. By deformation theory, the tangent space of Z at the point f is H0(C, f∗T (E/P )). 
There is a natural exact sequence:

0 → f∗Tv(E/P ) → f∗T (E/P ) → TC → 0,

which allows us to conclude the proof. �
Let f ∈ Z (for C = P1) and let P be the corresponding principal P -bundle. Then, by 

[25, Theorem I.2.16], Z is smooth at f of the expected dimension

dim X +
∫
P1

f∗(c1(Tv(E/P )))

if H1(P1, f∗Tv(E/P )) = 0 (which happens if, for example, E is trivial). If Z is smooth 
of the expected dimension at P then f deforms with every deformation of E (over a 
complete local ring).

We have the following simple result.

Lemma 3.8. f∗Tv(E/P ) = P ×P Tė.

Also, note that for any character β of P ,

f∗E(β) = P×P C−β as a bundle over C. (18)

3.4. Tangent spaces of Schubert varieties

Let P be a principal P -bundle on P1 and x ∈ P1. Given p̄ ∈ Px/BL and u ∈ WP , we 
can construct a subspace T (p̄, u, x) ⊆ Px×P Tė as follows. Fix a trivialization e of Px and 
write p̄ = epBL. Then, the subspace T (p̄, u, x) is defined to be e ×T (pΛP

u )ė ⊆ Px ×P Tė. 
In particular,
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dimT (p̄, u, x) = dim ΛP
u . (19)

A different choice of the coset representative of p̄ or the choice of e gives the same 
subspace.

Consider the evaluation map ebk : Z → Ebk/P at bk. Fix f ∈ Z such that the corre-
sponding principal bundle is P. Then, the differential map debk on tangent spaces (under 
the identifications of Lemmas 3.7 and 3.8)

H0(P1,P×P Tė) → Tf(bk)(Ebk/P ) = Pbk ×P Tė

is the evaluation map at bk.
Fix an element ek ∈ Pbk . Since we require that f(bk) and ḡk are in relative position 

uk ∈ WP (cf. §3.1), we have the following:

ḡk = ekpku
−1
k B, for some pk ∈ P. (20)

To prove (20), observe that since f(bk) = ekP and ḡk = ekgkB ∈ Ebk/B are in relative 
position uk, we get 1 ∈ gkBukP , i.e., gkckukp

−1
k = 1 for some ck ∈ B and pk ∈ P . From 

this we see that ḡk = ekpku
−1
k B, proving (20).

3.5. Determinant of cohomology

The determinant of cohomology of a coherent sheaf F on a projective curve C is the 
line

D(F) = detH0(C,F)∗ ⊗ detH1(C,F).

Automorphisms of F act on D(F). For example, multiplication by t = 0 on F acts on 
D(F) by t−χ(C,F), where χ(C, F) is the Euler characteristic of F. In the cases we consider 
here, F is locally free.

Suppose χ(C, F) = 0, then, as, e.g., in [17], D(F) carries a canonical element θ(F)
which is non-vanishing if and only if

H0(C,F) = H1(C,F) = 0. (21)

Automorphisms of F act on D(F) preserving θ(F). In particular, if an automorphism of 
F acts non-trivially on D(F), then θ(F) = 0.

As earlier, we have fixed distinct points b1, . . . , bn ∈ P1. Let ParbunP = ParbunP (d)
be the moduli-stack of quasi-parabolic principal P -bundles on P1 of degree d = (ai)αi∈SP

, 
i.e., data P̃ = (P; p̄1, . . . , p̄n) such that

• P is a principal P -bundle on P1 such that P ×P C−ωi
has degree ai, for each αi ∈ SP .

• For k = 1, . . . , n, p̄k ∈ Pbk/BL.
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3.6. Transversality

Fix u1, . . . , un ∈ WP satisfying the equation (9). For any P̃ = (P; p̄1, . . . , p̄n) ∈
ParbunP (d), define a locally free sheaf K = K(P̃; u1, . . . , un) on P1 by the exact sequence 
obtained from the evaluation maps at bk ∈ P1:

0 → K → P×P Tė
α−→

n⊕
k=1

ibk∗
Pbk ×P Tė

T (p̄k, uk, bk)
→ 0, (22)

where ibk is the embedding bk ↪→ P1. (The sheaf morphism α is clearly surjective since 
locally, the map of a coherent sheaf to its fiber at any point (as a sky-scraper sheaf) 
is surjective. Moreover, K is a locally free sheaf on P1 since it is a coherent subsheaf of 
a locally free sheaf on a smooth curve C.) By the condition (9) and the equation (19), 
the Euler characteristic of 

⊕n
k=1 ibk∗

Pbk
×PTė

T (p̄k,uk,bk) equals dimX +
∫
d
c1(TX). Further, the 

Euler characteristic

χ(P×P Tė) = dimX +
∫
d

c1(TX) (23)

by the following calculation:
Let detTė be the character C−λ as a P -module. Write λ =

∑
αi∈SP

δiωi, where 
δi := λ(α∨

i ). Then,

deg
(
P×P Tė

)
=

∑
αi∈SP

δiai.

Further, by (5),
∫
d

c1(TX) =
∑

αi∈SP

ai

∫
XP

si

c1(LP (λ)) =
∑

αi∈SP

aiλ(α∨
i ) =

∑
αi∈SP

aiδi.

This proves (23). Hence, K has zero Euler characteristic.

Definition 3.9. The quasi-parabolic bundle P̃ is said to satisfy the transversality condition
if K has non-vanishing θ-section θ(K) ∈ D(K).

As will be seen below (see Lemma 3.11, and Equation (24)), the transversality condi-
tion relates to smoothness properties of certain spaces which appear in our study of the 
enumerative problem from Section 3.1. Note that this sort of reformulation of transver-
sality appears in [7,10,12], and (in a related situation) in [11].

Define a line bundle R on ParbunP such that its fiber over a quasi-parabolic P̃ is 
D(K(P̃; u1, . . . , un)). The line bundle R admits a canonical section θ given by

θ(P̃) = θ(K(P̃;u1, . . . , un)).
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Remark 3.10. Note that if θ does not vanish at a quasi-parabolic P̃ then, since

H0(P1,K) = H1(P1,K) = 0 by the identity (21),

we get H1(P1, P ×P Tė) = 0 from the long exact cohomology sequence associated to the 
sheaf exact sequence (22).

3.7. The space of P -subbundles of a G-bundle

Let ParbunG be the moduli-stack of quasi-parabolic principal G-bundles on P1, i.e., 
data Ẽ = (E; ̄g1, . . . , ̄gn), where E is a principal G-bundle on P1 and ḡk ∈ Ebk/B.

For any Ẽ ∈ ParbunG, a standard parabolic P , elements u1, . . . , un ∈ WP and degree 
d = (ai)αi∈SP

, define the schemes Zd(E) and Z ′
d(Ẽ) as follows:

Zd(E) is the space of sections f of E/P of degree d, i.e., c1(f∗(E(ωi))) = ai ∀αi ∈ SP .

Z ′
d(Ẽ) = Z ′

d(Ẽ;u1, . . . , un)

:= {f ∈ Zd(E) : f(bk) and ḡk are in relative position uk ∀1 ≤ k ≤ n}.

Then, for any f ∈ Zd(E), the Zariski tangent space

T (Zd(E))f = H0(P1,P(f) ×P Tė),

where P(f) is the P -subbundle of E associated to f . Thus, f ∈ Zd(E) is a smooth point 
if H1(P1, P(f) ×P Tė) = 0.

For any f ∈ Z ′
d(Ẽ), we have the canonical morphism

φf : H0(P1,P(f) ×P Tė) →
n⊕

k=1

P(f)bk ×P Tė

T (p̄k, uk, bk)
,

induced from the evaluation maps ebk : Zd(E) → Ebk/P at bk, where pk satisfies the 
equation (20) and p̄k := ekpkBL ∈ P(f)bk/BL. (Observe that pk is unique modulo 
u−1
k Buk ∩ P .) Then, for any f ∈ Z ′

d(Ẽ), the Zariski tangent space

T (Z ′
d(Ẽ))f = kerφf . (24)

Lemma 3.11. Let u1, . . . , un ∈ WP and non-negative d = (ai)αi∈SP
∈ H2(X, Z). Then, 

the following are equivalent under the condition (9).
(a) 〈σP

u1
, σP

u2
, . . . , σP

un
〉d = 0.

(b) There is a quasi-parabolic P -bundle P̃ = (P; p̄1, . . . , p̄n) ∈ ParbunP (d) on P1 so 
that the canonical evaluation map
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H0(P1,P×P Tė) →
n⊕

k=1

Pbk ×P Tė

T (p̄k, uk, bk)

is an isomorphism.
(c) The section θ ∈ H0(ParbunP (d), R) is nonzero.

Remark 3.12. Observe that the section θ on a quasi-parabolic P̃ does not vanish if and 
only if the evaluation map as in (b) of the above lemma is an isomorphism. In particular, 
in this case, H1(P1, P ×P Tė) = 0. (To prove this, use the identity (21) and the fact that 
χ(P1, K) = 0 together with the exact sequence (22).)

Proof of Lemma 3.11. We first prove (a) =⇒ (b): Let Zd be the space Zd(εG), where 
εG is the trivial G-bundle on P1, i.e., Zd is the space of all maps f : P1 → X of 
degree d. Then, Zd is a smooth variety of dimension = dimX +

∫
d
c1(TX) (cf. §2). 

Let {ḡk}1≤k≤n be general points of G/B. Then, by the assumption (a), there exists 
f ∈ Z ′

d = Z ′
d(ε̃G; u1, . . . , un), where ε̃G = (εG; ̄g1, . . . , ̄gn) is the quasi-parabolic G-bundle 

on P1. Moreover, the subscheme Z ′
d is finite and reduced. Fix f ∈ Z ′

d. Then, Z ′
d being 

finite and reduced, we get that φf is injective by the equation (24). Now, by the condition 
(9), the dimension of the domain is at least as much as the dimension of the range of 
φf (since χ(P1, P(f) ×P Tė) = dimX +

∫
P1 c1(TX)). Hence, being injective, φf is an 

isomorphism, proving (b).
(b) =⇒ (c): If the condition (b) holds for P̃, then H0(P1, K(P̃)) = 0. But, since 

χ(P1, K(P̃)) = 0, we get that H1(P1, K(P̃)) = 0. Hence, as in §3.5, θ(K(P̃)) = 0, prov-
ing (c).

(c) =⇒ (a): Suppose P̃ = (P; p̄1, . . . , p̄n) is in ParbunP (d) such that θ(K(P̃)) = 0. Let 
E = P ×P G be the corresponding principal G-bundle. The reduction of E to P gives rise 
to the section f : P1 → E/P of degree d. Consider the elements:

ḡk = p̄ku
−1
k B ∈ Ebk/B.

(Observe that ḡk does not depend upon the choice of p̄k in its BL-orbit by the iden-
tity (4).) Then, f(bk) and ḡk ∈ Ebk/B are in relative position uk. To see this, let ek be 
a trivialization of Pbk and write p̄k = ekpk. Then, f(bk) = ekP and ḡk = ekpku

−1
k B.

Thus, f ∈ Z ′
d = Z ′

d(Ẽ), where Ẽ = (E; ̄g1, . . . , ̄gk). By Subsection 3.7, the Zariski 
tangent space to Z ′

d at f is equal to H0(P1, K(P̃)), which is zero by assumption. By 
Remark 3.12, H1(P ×P Tė) = 0.

Consider a one parameter family of deformations Ẽt = (Et; ̄g1(t), . . . , ̄gn(t)) parame-
terized by a smooth curve S so that at a marked point 0 ∈ S, Ẽ0 = Ẽ and the underlying 
bundle Et is trivial for general t ∈ S. We then have families π : Zd → S and π′ : Z′

d → S

over S with fiber Zd(Et) and Z ′
d(Ẽt) respectively. Thus, f ∈ Z′

d(0), the fiber of π′ at 0. 
We claim that π′ is a dominant morphism of relative dimension zero at f :

Observe first that π is smooth at f using the fact (noted above) that H1(P ×P Tė) = 0. 
Since θ(K(P̃)) = 0, there exists a neighborhood of P̃ in Zd such that for any Q̃ in the 
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neighborhood, θ(K(Q̃)) = 0. Moreover, restricted to this neighborhood, π is a smooth 
morphism and π′ has finite fibers. Choose a lift gk of ḡk, i.e., a section gk : S → ∪tEt

such that gk(t) ∈ Et is a lift of ḡk(t) ∈ Et/B. This is, of course, possible replacing S
(if needed) by a smaller étale neighborhood of 0 ∈ S. Thus, there is a neighborhood Zo

d

of f in Zd and a morphism

β : Zo
d → (XP )n, β(Q̃) = (hkP )1≤k≤n,

where hkP is the unique element such that gk(π(Q̃)) ∈ Q̃bkh
−1
k . Moreover, we can choose 

Zo
d small enough so that π|Zo

d
: Zo

d → S is a smooth morphism and π′
|Z′

d∩Zo
d

: Z′
d∩Zo

d → S

has finite fibers. From the definition of Z′
d, it is clear that

Z′
d ∩ Zo

d = β−1(CP
u1

× · · · × CP
un

).

Since XP is smooth, CP
u1

× · · · × CP
un

is locally defined by exactly r equations, where r
is the codimension of CP

u1
× · · · ×CP

un
in (XP )n. Hence, by [20, Exercise 3.22, Chap. II],

dimf (Z′
d) ≥ dimf (Zo

d) −
n∑

k=1

codimCP
uk

= 1,

where the last equality follows since φf (defined in Subsection 3.7) is an isomorphism and 
π is a smooth morphism. But, since π′

|Z′
d∩Zo

d
has only finite fibers, π′

|Z′
d∩Zo

d
: Z′

d∩Zo
d → S

is a dominant morphism. This proves the assertion that π′ is a dominant morphism of 
relative dimension zero at f . Since the underlying bundle Et is trivial for general t ∈ S

and π′ is dominant, by the definition of the Gromov–Witten numbers (cf. Definition 2.1), 
we get (a). �
Remark 3.13. Even though we do not need, the map π′ : Z′

d → S is, in fact, a flat 
morphism in a neighborhood of f (with fiber dimension 0).

Similarly, let ParbunL = ParbunL(d) be the moduli-stack of quasi-parabolic principal 
L-bundles on P1 of degree d, i.e., data L̃ = (L; ̄l1, . . . , ̄ln) such that

• L is a principal L-bundle on P1 such that L ×LC−ωi
has degree ai for each αi ∈ SP .

• For k = 1, . . . , n, l̄k ∈ Lbk/BL.

There is a canonical morphism of stacks φ : ParbunL → ParbunP . Similar to the 
definition of the theta section θ of the line bundle R on ParbunP as in Subsection 3.6, 
we can define the theta section θ′ of the corresponding bundle R′ on ParbunL. (Just as R, 
the line bundle R′ depends on the choice of u1, . . . , un ∈ WP satisfying the equation (9).) 
From the functoriality of the theta sections, it is easy to see that

φ∗(θ) = θ′.
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We have the following crucial definition.

Definition 3.14. We call (u1, . . . , un; d) quantum Levi-movable if θ′ does not vanish iden-
tically on ParbunL.

We have the following key proposition.

Proposition 3.15. Consider a quasi-parabolic L-bundle L̃ = (L; ̄l1, . . . , ̄ln) of degree d. 
Let φ(L̃) = P̃ = (P, ̄l1, . . . , ̄ln) be the corresponding point of ParbunP . Then, the central 
one parameter subgroup tx̄i of L corresponding to x̄i, αi ∈ SP , acts on D(K(P̃)) by 
multiplication by tμi , where

μi := (χe −
n∑

k=1

χuk
)(x̄i) +

∑
α∈R+\R+

l

α(x̄i)α(d̃),

x̄i is defined by the equation (3), χu is defined by the equation (6), and, as in Theorem 3.3, 
d̃ =

∑
αj∈SP

ajα
∨
j .

Proof. Note that by the exact sequence (22),

D(K) = D(P×P Tė) ⊗
n∏

k=1

D

(
ibk∗

Pbk ×P Tė

T (l̄k, uk, bk)

)∗
.

It is easy to see that tx̄i acts on D
(
ibk∗

Pbk
×PTė

T (l̄k,uk,bk)

)∗
by t−χuk

(x̄i). We next calculate 

the action of tx̄i on D(P ×P Tė):
Let V be a vector bundle on P1, and let T : V → V be the multiplication by the 

scalar c−1 on fibers. Then, clearly, T acts on D(V) by the scale c raised to the expo-
nent

χ(P1,V) = rkV + degV.

Suppose the vector bundle P ×P Tė is filtered with the associated graded pieces being 
the vector bundles V1, . . . , Vs, such that tx̄i acts on Vr by the scale t−γr . Then, tx̄i acts 
on D(P ×P Tė) via

t
∑

r(rk Vr+deg Vr)γr .

This allows us to reduce the calculation of the action of tx̄i on D(P ×P Tė) using the 
filtration of Tė given in Subsection 3.2. The desired Vr are the quotients Ti,r/Ti,r−1. 
Now, use the formula (17).

Finally, it is easy to see that 
∑

r rkVr = χe(xi). Combining these, we get the propo-
sition. �
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Theorem 3.16. The following are equivalent:
(a) (u1, . . . , un; d) is quantum Levi-movable.
(b) 〈σP

u1
, σP

u2
, . . . , σP

un
〉d = 0 and

∀αi ∈ SP , μi = 0, (25)

where μi is defined in Proposition 3.15.
(c) 〈σP

u1
, σP

u2
, . . . , σP

un
〉�0
d = 0, where 〈σP

u1
, σP

u2
, . . . , σP

un
〉�0
d is, by definition, equal to 

the coefficient of qdσP
wounwP

o
in σP

u1
�0 . . .�0 σ

P
un−1

.

3.8. Proofs of Theorems 3.3 and 3.16

Fix an element x =
∑

αi∈SP
dix̄i ∈ h such that each di is a strictly positive integer. 

Then, tx is a central one parameter subgroup of L; in particular, it is contained in BL. 
For any t ∈ Gm, define the conjugation φt : P → P , p �→ txpt−x. This extends to a group 
homomorphism φ0 : P → L ⊂ P , giving rise to a regular map φ̂ : P ×A1 → P , extending 
the map (p, t) �→ φt(p), for p ∈ P and t ∈ Gm. Clearly, φt|L = IL, for all t ∈ A1, where 
IL is the identity map of L.

Let P be a principal P -bundle. Define a family of principal P -bundles Pt parameterized 
by t ∈ A1, where Pt is the principal P -bundle induced by P via φt, i.e., Pt = P ×P,φt P . 
Since, the image of φ0 is contained in L, we get a principal L-bundle L from P via the 
homomorphism φ0. Clearly, P0 = L ×LP . We write Gr(P) = L ×LP . We will refer to this 
as the Levification process. So, we have found a degeneration of P to Gr(P) parameterized 
by t ∈ A1.

If p̄k ∈ Pbk/BL, we canonically have p̄k(t) ∈ (Pt)bk/BL, for any t ∈ A1, defined as 
p̄k(t) = φt∗(p̄k). At t = 0, the image is in Lbk/BL.

We therefore have a Gm-equivariant line bundle D(Kt) on A1. Furthermore, we have a 
Gm-equivariant section θ(Kt) of D(Kt). The following statement is immediate (cf. Propo-
sition 10 in [12]).

Lemma 3.17. Let Gm act on A1 by multiplication. Let R be a Gm-equivariant line bundle 
on A1 with a Gm-invariant section s. Suppose Gm acts on the fiber R0 over 0 by multi-
plication by tμ, μ ∈ Z, i.e., the Mumford index μR(t, λo) = μ, for any t ∈ A1, where λo

is the one parameter subgroup z �→ z. Then,

(a) If s = 0, then μ ≥ 0.
(b) If μ = 0 and s = 0, then s(0) = 0 ∈ R0.

3.8.1. Proof of Theorem 3.3
Assume that 〈σP

u1
, σP

u2
, . . . , σP

un
〉d = 0. Then, by Lemma 3.11, the section θ ∈

H0(ParbunP , R) is nonzero. Let P̃ = (P; p̄1, . . . , p̄n) be a quasi-parabolic P -bundle in 
ParbunP such that θ(P̃) = 0. Considering the one parameter degeneration P̃t as above 
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and using Lemma 3.17 and Proposition 3.15, we get that 
∑

αi∈SP
diμi ≥ 0, for any 

strictly positive integers di, where

μi = (χe −
n∑

k=1

χuk
)(x̄i) +

∑
α∈R+\R+

l

α(x̄i)α(d̃).

From this we conclude that each μi ≥ 0. This proves Theorem 3.3.

3.8.2. Proof of Theorem 3.16
We first prove (a) =⇒ (b):
Take a quasi-parabolic L-bundle L̃ = (L; ̄l1, . . . , ̄ln) ∈ ParbunL(d) such that θ′(L̃) = 0. 

Let P̃ = φ(L̃) = (P; ̄l1, . . . , ̄ln) be the corresponding point of ParbunP . Hence, θ does not 
vanish at the quasi-parabolic P̃. The right multiplication by the L-central one parameter 
subgroups tx̄i , for αi ∈ SP , induces an automorphism of the quasi-parabolic L-bundle L̃
and hence that of P̃. These should act trivially on θ(P̃), and hence if θ(P̃) = 0, we get 
that tx̄i acts trivially on D(K(P̃)) (cf. §3.5). Hence, we obtain that (a) implies (25) by 
using Proposition 3.15. Further, by Lemma 3.11, we get that 〈σP

u1
, σP

u2
, . . . , σP

un
〉d = 0. 

This proves (b).
For the reverse direction, by Lemma 3.11, assume that θ is non-vanishing on a quasi-

parabolic P̃. Performing the above degeneration, we find the desired conclusion using 
Lemma 3.17 (b) and Proposition 3.15. The equivalence of (b) and (c) follows from the 
definition of �0. This proves Theorem 3.16.

4. Determination of the multiplicative eigen polytope in terms of the deformed 
quantum cohomology

Let G be a simple, connected, simply-connected complex algebraic group.
As in Introduction, let A ⊂ h be the fundamental alcove:

A = {μ ∈ h : αi(μ) ≥ 0 for all the simple roots αi and θo(μ) ≤ 1} .

Then, as in Introduction, A parameterizes the K-conjugacy classes of K under the map 
C : A → K/ AdK, μ �→ c(Exp(2πiμ)). Fix a positive integer n ≥ 3 and define the 
multiplicative eigen polytope

Cn := {(μ1, . . . , μn) ∈ A n : 1 ∈ C(μ1) . . . C(μn)} .

Then, it is known that Cn is a rational convex polytope with nonempty interior in hn

(cf. [32, Corollary 4.13]). Our aim is to describe the facets (i.e., the codimension one 
faces) of Cn.

The following theorem is one of our main results. In the case G = SL2, it was proved 
by Biswas [14]. For G = SLm, it was proved by Belkale [5] (and a slightly weaker 
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result by Agnihotri–Woodward [1]). (Observe that for G = SLm, by Lemma 3.6, the 
deformed quantum cohomology coincides with the quantum cohomology of G/P for 
maximal P .)

Theorem 4.1. Let (μ1, . . . , μn) ∈ A n. Then, the following are equivalent:
(a) (μ1, . . . , μn) ∈ Cn.
(b) For any standard maximal parabolic subgroup P of G, any u1, . . . , un ∈ WP , and 

any d ≥ 0 such that the deformed small quantum cohomology (Gromov–Witten) invariant 
(cf. Definition 3.5 and Theorem 3.16 (c))

〈σP
u1
, . . . , σP

un
〉�0
d = 1,

the following inequality is satisfied:

I P
(u1,...,un;d) :

n∑
k=1

ωP (u−1
k μk) ≤ d,

where ωP is the fundamental weight ωiP such that αiP is the unique simple root in SP .

Proof. (a) ⇒ (b): In fact, as proved in [39], for any u1, . . . , un ∈ WP and any d ≥ 0 such 
that the tuple (P ; u1, . . . , un; d) is quantum non-null (see Definition 2.2), the inequality 
I P

(u1,...,un;d) is satisfied. We include a proof for completeness. Since Cn is a rational 
polytope with nonempty interior in hn, we can assume that each μk is regular (i.e., each 
αi(μk) > 0), rational (i.e., each αi(μk) ∈ Q) and θo(μk) < 1. As in earlier sections, 
fix distinct points b1, . . . , bn ∈ P1 and let MG(�μ) be the parabolic moduli space of 
parabolic semistable principal G-bundles over P1 with parabolic weights �μ = (μ1, . . . , μn)
associated to the points (b1, . . . , bn) respectively. We follow the version of MG(�μ) from 
[39, §2.6].

By the generalization of the Mehta–Seshadri theorem [31] to arbitrary groups (cf. [39, 
Theorem 3.3]; [13]), the assumption (a) is equivalent to the assumption that the moduli 
space MG(�μ) is nonempty. By [39, Proposition 4.2], MG(�μ) is nonempty if and only if 
the trivial bundle εG : P1 × G → P1 with general parabolic structures at the marked 
points b1, . . . , bn is parabolic semistable.

Let u1, . . . , un ∈ WP and d ≥ 0 be such that (P ; u1, . . . , un; d) is quantum non-null. 
Hence, there exists a morphism f : P1 → XP of degree d such that f(bk) ∈ gkC

P
uk

, for gen-
eral g1, . . . , gn ∈ G, where CP

uk
:= BukP/P is the Schubert cell. Since (g1, . . . , gn) ∈ Gn

are general, we can assume that the trivial bundle εG with parabolic structure gkB at 
bk and weights μk is parabolic semistable (we have used the assumption that each μk

is regular). In particular, for the parabolic reduction σ : P1 → εG/P induced from the 
morphism f : P1 → XP , we get (from the definition of the parabolic semistability):

deg(σ∗(εG(−ωP ))) +
n∑

ωP (u−1
k μk) ≤ 0,
k=1
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since uk ∈ WP � W/WP is the relative position of σ(bk) = f(bk) and gkB, where the line 
bundle εG(−ωP ) over εG/P is defined in Subsection 3.1. But, by the definition of degree,

d := deg(σ∗(εG(ωP ))).

Hence, we get

n∑
k=1

ωP (u−1
k μk) ≤ d.

This proves the (b)-part. We prove the implication ‘(b) ⇒ (a)’ below. �
Remark 4.2. As shown by [39, Proposition 4.4], the above argument shows that the 
inequalities I P

(u1,...,un;d), in fact, determine the polytope Cn ⊂ A n provided we run P
through standard maximal parabolic subgroups and (u1, . . . , un; d) ∈ (WP )n × Z+ such 
that (P ; u1, . . . , un; d) is quantum non-null.

Before we come to the proof of the implication ‘(b) ⇒ (a)’ in Theorem 4.1, we need 
to review the canonical reduction of parabolic G-bundles.

4.1. Canonical reduction of parabolic G-bundles

Let us fix parabolic weights �μ = (μ1, . . . , μn) ∈ A n associated to the points 
b1, . . . , bn ∈ P1 respectively. We further assume that each μk is rational, regular and 
θo(μk) < 1. Fix a positive integer N such that Nμk belongs to the coroot lattice of G
for all k. Let Γ := Z/(N) be the cyclic group of order N . We fix a generator γo ∈ Γ. 
Now, take an irreducible smooth projective curve C with an action of Γ on C and a 
Γ-equivariant morphism π : C → P1 (with the trivial action of Γ on P1) satisfying the 
following:

(a) π−1(bk) is a single point b̃k, for all k,
(b) Γ acts freely on a nonempty open subset of C, and
(c) the map π induces an isomorphism C/Γ � P1.
Following Teleman–Woodward [39, Section 2.2], for any Γ-equivariant G-bundle E

on C, such that, at the points b̃k, the generator of Γ acts via the conjugacy class of 
Exp(2πiμk), we construct a quasi-parabolic G-bundle Ẽ = (E; ̄g1, . . . , ̄gn) on P1 as follows.

For simplicity, we give the construction in the analytic category; the construction in 
the algebraic category is similar.

Choose a small enough analytic open neighborhood Uk of bk in P1 and a coordinate 
z in Ũk := π−1(Uk) such that the map π : Ũk → Uk is given by z �→ zN and, more-
over, the action of the generator γo ∈ Γ on Ũk is given by z �→ e2πi/Nz. Moreover, by 
[22, Section 11], we can choose Uk small enough so that there is a Γ-equivariant analytic 
isomorphism θk : E|Ũ → Ũk ×G such that γo acts on Ũk ×G via
k
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γo(z, g) = (e2πi/Nz,Exp(2πiμk)g).

Let E−Nμk denote the set of Γ-equivariant meromorphic sections σ : Ũk → E|Ũk
such 

that z−Nμk ·σ is regular on Ũk. Then, σk : Ũk → E|Ũk
, given by σk(z) = (z, zNμk) (under 

the above isomorphism θk) is a section contained in E−Nμk .
As in [39, Section 2.2], there is a principal G-bundle E over P1 isomorphic to Γ\E over (

C \ {b̃1, . . . , b̃n}
)
/Γ and such that E−Nμk is the set of sections of E over Uk. Moreover, 

the section σk evaluated at bk provides a parabolic reduction ḡk of the fiber Ebk/B. 
(We have used here the assumption that μk’s are regular.) Thus, for any Γ-equivariant 
G-bundle E on C, such that, at the points b̃k, the generator of Γ acts via the conjugacy 
class of Exp(2πiμk), we have constructed a quasi-parabolic G-bundle Ẽ = (E; ̄g1, . . . , ̄gn)
on P1.

Let P be a standard parabolic subgroup of G. From the above construction, it is 
clear that any Γ-equivariant principal P -subbundle of E canonically gives rise to a 
P -subbundle of E.

Let BunΓ
G(C) = BunΓ,�μ

G (C) be the moduli stack of Γ-equivariant principal G-bundles 
on C, such that at the points b̃k, the generator of Γ acts via the conjugacy class of 
Exp(2πiμk).

For a parabolic reduction EP of E ∈ BunΓ
G(C) to P , we have the notion of degree 

deg(EP ) := (ai)αi∈SP
∈ H2(XP , Z), where ai is the degree of EP ×P C−ωi

. Similarly, for 
a parabolic reduction ẼP of a quasi-parabolic G-bundle Ẽ = (E; ̄g1, . . . , ̄gn) on P1, one 
defines the parabolic degree

pardeg(ẼP ) := (bi)αi∈SP
∈ H2(XP ,Z),

where bi := − deg(EP ×P C−ωi
) +

∑n
k=1 ωi(u−1

k μk) and uk ∈ WP is the relative position 
of EP (bk) and ḡk.

We summarize this correspondence in the following result due to Teleman–Woodward 
[39, Theorem 2.3].

Theorem 4.3. There is an isomorphism of stacks:

BunΓ
G(C) → ParbunG

taking E �→ Ẽ, where ParbunG is as defined in Subsection 3.7.
Moreover, the Γ-equivariant reductions of any E ∈ BunΓ

G(C) to a parabolic subgroup 
P of G correspond bijectively to the reductions of Ẽ to P .

Further, for any Γ-equivariant reduction EP of E,

deg(EP ) = N pardeg(ẼP ), (26)

where ẼP is the corresponding reduction of Ẽ.
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Definition 4.4. We first recall the definition of canonical reduction of a principal G-bundle 
E over a smooth projective curve C (cf. [36]).

A reduction EP of E to a parabolic subgroup P is called canonical if the following 
two conditions hold:

(a) Let L be the Levi of P realized as the quotient of P via its unipotent radical. 
Then, the principal L-bundle EP ×P L obtained by the extension of the structure group 
is semistable.

(b) Fix a Borel subgroup B ⊂ P of G. Then, for any nontrivial character λ of P
which is a non-negative linear combination of the simple roots, the associated line bundle 
EP ×P Cλ is of positive degree.

Now, we come to the definition of parabolic canonical reduction:
Let Ẽ be a quasi-parabolic G-bundle on P1 with parabolic weights �μ assigned to the 

marked points b1, . . . , bn as in Subsection 4.1. Then, a reduction σP (Ẽ) of Ẽ to a standard 
parabolic subgroup P is called parabolic canonical if the corresponding Γ-equivariant 
parabolic reduction σE of the corresponding (Γ-equivariant) G-bundle E over C is canon-
ical. (Observe that, by the uniqueness of the canonical reduction of any G-bundle over 
C as in [15, Theorem 4.1], σE is unique; in particular, from the Γ-equivariance of E, we 
get that σE is Γ-equivariant.)

By the uniqueness of σE , we get that the parabolic canonical reduction σP (Ẽ) of Ẽ
is unique. In fact, σP (Ẽ) does not admit any infinitesimal deformations either. More 
precisely, we have the following result:

Lemma 4.5. Let Ẽ = (E; ̄g1, . . . , ̄gn) be a quasi-parabolic G-bundle on P1 with parabolic 
weights �μ assigned to the marked points b1, . . . , bn and let σP (Ẽ) be its canonical re-
duction (to the parabolic subgroup P ) of degree d. Let uk ∈ WP be the relative po-
sition of σP (Ẽ)(bk) and ḡk, for any 1 ≤ k ≤ n. Recall that, by the definition of 
Z ′
d(Ẽ) = Z ′

d(Ẽ; u1, . . . , un) as in Subsection 3.7, σP (Ẽ) ∈ Z ′
d(Ẽ). Then, σP (Ẽ) is the 

unique point of Z ′
d(Ẽ) and, moreover, it is a reduced point, i.e., the Zariski tangent 

space

T (Z ′
d(Ẽ))σP (Ẽ) = 0.

Proof. To prove that the scheme Z ′
d(Ẽ) contains the unique closed point σP (Ẽ), use the 

fact that the canonical reduction σE of a G-bundle on C is completely characterized by 
the degree (cf. [15, Proposition 3.1]). Now, use the correspondence as in Theorem 4.3
and the degree comparisons as in the equation (26).

We now prove that σP (Ẽ) is a reduced point of Z ′
d(Ẽ). If Z ′

d(Ẽ) were to possess 
any infinitesimal deformations at σP (Ẽ), then so would the canonical reduction σE

on the curve C. But, according to a result of Heinloth [21, Theorem 1], the canoni-
cal reduction of a principal G-bundle on a smooth projective curve does not have any 
infinitesimal deformations. We are therefore done by the equivalence of stacks as in 
Theorem 4.3. �
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Now, we are ready to prove the other direction of Theorem 4.1.

Proof. (b) ⇒ (a) in Theorem 4.1: Let I P
(u1,...,un;d) be a facet of Cn for some stan-

dard maximal parabolic subgroup P and (u1, . . . , un; d) ∈ (WP )n × Z+ such that 
(P ; u1, . . . , un; d) is quantum non-null. Any facet of Cn meeting the relative interior 
of A n is of this form by Remark 4.2.

Take a rational regular element �μ = (μ1, . . . , μn) ∈ A n (i.e., each μk is rational, 
regular and θo(μk) < 1) such that �μ does not satisfy the inequality I P

(u1,...,un;d),

but satisfies every other inequality I Q
(v1,...,vn;e)

such that (Q; v1, . . . , vn; e) is quantum non-null. (∗)

Since �μ /∈ Cn, the corresponding parabolic moduli space MG(�μ) is empty. Hence, 
the trivial bundle εG with any parabolic structure gk = gkB at bk (and weights μk) 
is not semistable. We fix some general elements gk ∈ G/B and consider the parabolic 
bundle (with weights �μ) Ẽ = (E = εG, g), where g := (g1, . . . , gn). Since Ẽ is unstable 
(i.e., non-semistable), the canonical parabolic reduction σQ(Ẽ) (to a standard parabolic 
subgroup Q) does not satisfy the semistability inequality for �μ, i.e., for any maximal 
parabolic subgroup Q′ ⊃ Q,

− deg
(
σQ(Ẽ)∗(E(ωQ′))

)
+

n∑
k=1

ωQ′(v−1
k μk) > 0, (27)

where vk ∈ W/WQ′ is the relative position of σQ(Ẽ)(bk) and ḡk. Thus, by the assump-
tion (∗), for each maximal parabolic subgroup Q′ ⊃ Q, we get the following:

(A1) Q′ = P and hence Q = P ,
(A2) each vk = uk, and
(A3) d′ = d, where d′ := deg

(
σQ(Ẽ)∗(E(ωQ′))

)
.

We next claim that

〈σP
u1
, . . . , σP

un
〉d = 1. (28)

By (A1)–(A3), the parabolic degree of σP (Ẽ) is given by

pardeg(σP (Ẽ)) = −d +
n∑

k=1

ωP (u−1
k μk).

Since the canonical reduction σP (Ẽ) is the only reduction of Ẽ to P with the parabolic 
degree that of σP (Ẽ) (cf. Lemma 4.5), we get that 〈σP

u1
, . . . , σP

un
〉d = 1. This proves (28)

(which was already proved in [39]). We now come to the new part which is that
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〈σP
u1
, . . . , σP

un
〉�0
d = 1, (29)

i.e., in view of (28) and Theorem 3.16, (u1, . . . , un; d) is quantum Levi-movable:
Choose a trivialization p̄k of σP (Ẽ)bk/BL so that ḡkBukP = p̄kΛuk

. (Observe 
that p̄k is unique modulo the stabilizer of Λuk

.) Consider the family σ̃P (Ẽ)t =
(σP (Ẽ)t; p̄1(t), . . . , p̄n(t)) of quasi-parabolic P -bundles on P1 parameterized by t ∈ A1, 
defined in §3.8, where we take x = x̄P .

It is easy to see that, as quasi-parabolic P -bundles,

σ̃P (Ẽ)t � σ̃P (Ẽ), for t = 0. (30)

Let Ẽ0 denote the parabolic G-bundle obtained from σP (Ẽ)0 via the extension of the 
structure group P ↪→ G and the parabolic structures p̄1(0)u−1

1 B, . . . , p̄n(0)u−1
n B at the 

points b1, . . . , bn on P1 (and with the same parabolic weights μk at bk). Then, we assert 
that the canonical reduction of Ẽ0 coincides with σ̃P (Ẽ)0.

To prove this, observe first that for any parabolic G-bundle Ẽ on P1 that corresponds 
to a Γ-equivariant principal G-bundle E on C (via the correspondence of Theorem 4.3) 
and any reduction EP of E to a parabolic subgroup P and the corresponding reduc-
tion ẼP , the deformations (EP )t and (ẼP )t over t ∈ A1 (defined in Subsection 3.8 for 
x = x̄P ) correspond. Further, from the characterization of the canonical reduction of 
(non-parabolic) G-bundles on C as in [15, Proposition 3.1], we see that σP (E)0 is the 
canonical reduction of E0, where E0 is the G-bundle on C obtained from σP (E)0 via the 
extension of the structure group P ↪→ G. Combining these, we get that the canonical 
reduction of Ẽ0 coincides with σ̃P (Ẽ)0.

Finally, we come to the proof of the equation (29):
By the last assertion, the quasi-parabolic G-bundle Ẽ0 comes from a quasi-parabolic 

L-bundle L̃ of degree d by extension of the structure group L ↪→ G. Further, by 
Lemma 4.5, Z ′

d(Ẽ0) is a reduced scheme of dimension 0 at L̃×LG. Thus, θ′(L̃) = 0. This 
proves the equation (29) and hence Theorem 4.1 is proved. �
5. Eigenvalue problem and global sections of line bundles on moduli spaces

Recall the definition of the quasi-parabolic moduli stack ParbunG from Subsection 3.7.

Definition 5.1. For any weight λ ∈ X(H) and 1 ≤ k ≤ n, define the line bundle Lk(λ)
over ParbunG, that assigns to Ẽ = (E; ̄g1, . . . , ̄gn) ∈ ParbunG the line which is the fiber 
of the line bundle Ebk ×B C−λ → Ebk/B over the point ḡk.

Therefore, given weights �λ = (λ1, . . . , λn) and an integer m, we can form the line 
bundle M(�λ, m) over ParbunG defined by

M(�λ,m) := Dm ⊗ (⊗n
k=1Lk(λk)),
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where the determinant line bundle D over ParbunG assigns to Ẽ the determinant of 
cohomology line D(E ×G g).

Consider the product flag variety F = QG × (G/B)×n, where QG is the infinite 
Grassmannian associated to G. Then, F provides a uniformization of the moduli stack 
ParbunG (cf. [30, Theorem 8.5]). The line bundle M(�λ, m), under the above uniformiza-
tion of ParbunG, lies at level 2g∗m, where g∗ is the dual Coxeter number of g (defined 
in Lemma 3.4) (cf. [29, Theorem 5.4 and Lemma 5.2]).

A dominant integral weight λ is said to be of level a nonnegative integer d if 
λ(θ∨o ) ≤ d.

The following theorem is used in the proof of the irredundancy result Theorem 8.1
(see Subsection 8.3).

Theorem 5.2. Let m > 0 and let �λ = (λ1, . . . , λn) be dominant regular integral weights 
each of level < 2g∗m. Then, the following are equivalent:

(a) H0(ParbunG, M(�λ, m)r) = 0, for some integer r > 0.
(b) The point ( λ∗

1
2g∗m , . . . , λ∗

n

2g∗m ) lies in Cn, where λ∗
k := κ(λk) and κ is defined in 

Section 3.

Proof. We first prove (a) ⇒ (b):
Assume that there is a non-vanishing global section in H0(ParbunG, M(�λ, m)r), non-

vanishing at a point Ẽ = (E; ̄g1, . . . , ̄gn) of ParbunG. As in the proof of Lemma 3.11, 
consider a one parameter family of deformations Ẽt = (Et; ̄g1(t), . . . , ̄gn(t)) in ParbunG

parameterized by a smooth curve S so that at a marked point 0 ∈ S, Ẽ0 = Ẽ and the 
underlying bundle Et is trivial for general t ∈ S. Thus, we can assume that E is the trivial 
bundle εG and (ḡ1, . . . , ̄gn) are general points of (G/B)n. To prove (b), by [39, Propo-
sition 4.4], it suffices to show that for any reduction P̃ = (P; p̄1, . . . , p̄n) ∈ ParbunP (d)
of (εG; ̄g1, . . . , ̄gn) to a standard maximal parabolic subgroup P of degree d in relative 
position u1, . . . , un ∈ WP , the inequality

n∑
k=1

ωP (u−1
k λ∗

k) ≤ 2g∗md (31)

is satisfied.
As in Subsection 3.8, induced by the conjugation φt : P → P , p �→ tx̄P pt−x̄P , P̃ ad-

mits a one parameter family of deformations P̃t = (Pt; p̄1(t), . . . , p̄n(t)) ∈ ParbunP (d)
(t ∈ A1), such that P̃1 = P̃ and P̃0 comes from the extension of a parabolic L-bundle 
L̃ = (L; ̄l1, . . . , ̄ln) ∈ ParbunL(d). This gives rise to a morphism

β : A1 → ParbunG, t �→ Ẽt = (Et := Pt ×P G; ḡ1(t), . . . , ḡn(t)),

where ḡk(t) := p̄k(t)u−1
k B. Pulling back the line bundle M(�λ, m) via β, we get a 

Gm-equivariant line bundle (denoted) M over A1 with a nonzero section, where Gm
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acts on A1 via multiplication. We now calculate the action of Gm on the fiber of M
over 0:

We first calculate the Gm-action on D(L ×L g). Decompose g into eigenspaces gγ such 
that the L-central one parameter subgroup tx̄P acts on gγ by multiplication by t−γ . Then 
the desired action is by t raised to the exponent

∑
γ

(dim gγ + deg(L×L gγ))γ =
∑
γ

deg(L×L gγ)γ, since dim gγ = dim g−γ

= d
∑
α∈R

α(x̄P )α(α∨
P ), from the definition of d

= 2g∗d〈x̄P , α
∨
P 〉. (32)

The last equality follows from Lemma 3.4.
It is easy to see that the action of tx̄P on the fiber Lk(λk)L̃ of Lk(λk) over L̃ is 

given by the exponent −(u−1
k λk)(x̄P ). Thus, combining the equation (32) with the above 

expression of the action of tx̄P on the fiber Lk(λk)L̃, we get that the action of tx̄P on 
the fiber of M over 0 is given by the exponent

μ := 2g∗md〈x̄P , α
∨
P 〉 −

n∑
k=1

(u−1
k λk)(x̄P ). (33)

But, by Lemma 3.17, μ ≥ 0. From this and the equation (11), we get the equation (31). 
This proves the (b)-part of the proposition.

Proof of ‘(b) ⇒ (a)’: By assumption, each λ∗
k/2g∗m is a rational, regular element of 

A with θo(λ∗
k/2g∗m) < 1. Let �μ = (λ∗

1/2g∗m, . . . , λ∗
n/2g∗m). Assign these weights to 

the parabolic points of P1. By the assumption (b), the semistable parabolic moduli space 
of parabolic G-bundles on P1 (corresponding to the weights �μ) is non-empty. Let Ẽ be 
a semistable parabolic bundle on P1 with the given weights. Under the ramified cover 
correspondence as in Theorem 4.3, Ẽ corresponds to a semistable (Γ-equivariant, where 
Γ = Z/(N)) principal G-bundle E′ on a (suitable) ramified cover π : C → P1 under the 
map f : ParbunG → BunG(C) (which is the inverse of the isomorphism of Theorem 4.3), 
where BunG(C) is the moduli stack of (non-parabolic) principal G-bundles on C. Let DC

be the line bundle over BunG(C) which assigns to F ∈ BunG(C) the line D(C, F ×G g). 
We have the pull-back map

H0(BunG(C),Dr
C) → H0(ParbunG, f

∗Dr
C).

Since our E′ is semistable, there is a global section s ∈ H0(BunG(C), Dr
C) for a suitable 

r > 0 which is non-vanishing at E′:
This follows from the isomorphism (cf. [30, §9.3]; by taking N large enough we can 

insure that C has genus ≥ 2)

H0(BunG(C),Dr
C) � H0(MG(C),Θr

ad),
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where Θad is the theta bundle on the moduli space MG(C) of semistable principal 
G-bundles on C associated to the adjoint representation of G. Further, since MG(C)
is a projective variety and the Picard group Pic (MG(C)) � Z (cf. [28, Theorem 2.4]), 
we get that Θad is ample and hence there exists s′ ∈ H0(MG(C), Θr

ad), for large enough r, 
such that s′(E′) = 0.

Therefore, the pull-back of this section to ParbunG is non-vanishing at Ẽ. So, to finish 
the proof of (a), (replacing r by rm) we need to know that f∗Dm

C equals some power of 
M(�λ, m), which follows from Proposition 6.4. �
Remark 5.3. (1) By [30, §8.9], the condition (a) in the above theorem is equivalent to 
the non-vanishing of the space of conformal blocks on P1 associated to the weights r�λ at 
level 2rg∗m.

(2) For the implication ‘(a) ⇒ (b)’ in the above theorem, we do not need to assume 
that each λk is regular in our above proof (since we verified all necessary inequalities). 
Also, the implication ‘(b) ⇒ (a)’ is true without this restriction using [2] as we explain 
below. The map f̃ : ParbunG → BunΓ

G(C) exists (as in Section 6 below) even without the 
assumption of regularity (and the level is allowed to equal 2g∗m). It follows from [2] that 
f̃ is surjective on objects [2, Theorem 4.1.6]. Therefore, it remains to show that there is 
a point of BunΓ

G(C) which maps to a semistable point of BunG(C). We can construct 
this point by considering the principal G-bundle corresponding to the local system (of 
K-spaces) in (b) pulled up to C and extended over the punctures (where the local 
monodromies are trivial). Since this Γ-equivariant bundle comes from a representation 
of the fundamental group of C in K, it is semistable by Ramanathan’s generalization 
[35, Theorem 7.1] of the Narasimhan–Seshadri theorem.

6. Comparison of determinants of cohomology under an elementary modification

Recall that the proof of Theorem 5.2 has used the following Proposition 6.4. Also, 
Lemma 6.5 will be used in the proof of the irredundance result Theorem 8.1 (cf. Subsec-
tion 8.3).

Let G be a connected reductive group in this section. The calculation will be applied 
to the simple groups of the earlier sections as well as their Levi subgroups. We analyze 
the effect of an “elementary modification” on determinants of cohomology.

Let E be a principal G-bundle on a smooth irreducible projective curve C. Let 0 ∈ C

with formal parameter z. Fix a section s ∈ E(D), i.e., a trivialization s of E over the 
formal disc D at 0. For h ∈ h such that exp(2πih) = 1, consider the map � : D → H

given by �(z) = zh, where h is the Lie algebra of a maximal torus H of G.
Consider a new principal G-bundle E′ = E� which coincides with E outside of 0. 

Sections of E′ over D are meromorphic sections sa(z) of E over D such that �(z)a(z) is 
regular at 0. We have a section s′ = s�(z)−1 of E′ over D. Now, consider a representation 
G → GL(V ). Decompose V into eigenspaces under the action of H:
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V = ⊕γ∈A⊂X(H)Vγ ,

where A ⊂ X(H) is defined to be the subset such that Vγ = 0. We assume that A is 
symmetric under taking negatives.

We want to compare the determinants of cohomologies of E ×G V and E′ ×G V . With 
our data, over D, we can write as a trivial vector bundle:

E×G V = ⊕γ(O(D)s) ⊗ Vγ = ⊕γLγ , and E′ ×G V = ⊕γ(z−hO(D)s) ⊗ Vγ = ⊕γL
′
γ ,

(34)

under the meromorphic identification of Lγ with L′
γ over D.

Definition 6.1. Let V and V′ be vector bundles over C which are identified outside of 0. 
Then, as in [4], there is a well defined line [V : V′] (which formally stands for det(V/V′)) 
and a canonical isomorphism

D(V′) = D(V) ⊗ [V : V′]. (35)

To define it, find a large positive k so that V(k) ⊃ V′ and set

[V : V′] = det(V(k)/V)−1 ⊗ det(V(k)/V′).

Note that [V : V′] is multiplicative.

Applying this to E ×G V and E′ ×G V , we get

D(E′ ×G V ) ⊗D(E×G V )−1 = ⊗γ∈A[Lγ : L′
γ ]. (36)

The following lemma follows easily from the equation (34) and the definition of [− : −].

Lemma 6.2. For any γ ∈ A with γ(h) < 0,

[Lγ : L′
γ ] = ∧top( O(D)s

z−γ(h)O(D)s
⊗ Vγ

)
,

and, for any γ ∈ A with γ(h) > 0,

[Lγ : L′
γ ] =

(
∧top(z−γ(h)O(D)s

O(D)s ⊗ Vγ

))−1
.

Suppose �(z)b�(z)−1 is regular at z = 0 for all b ∈ B, i.e., h ∈ h+. Then, chang-
ing s to sb does not change E′. Therefore, we get an action of B (in particular of H) 
on D(E′ ×G V ) ⊗ D(E ×G V )−1. The H-action respects [Lγ : L′

γ ] for any γ ∈ A. 
Combining the equation (36) with the above lemma, since A is symmetric, we get the 
following:
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Proposition 6.3.

D(E′ ×G V ) = D(E×G V ) ⊗
(
⊗γ∈A:γ(h)<0[∧top( O(D)s

z−γ(h)O(D)s
⊗ Vγ

)

⊗ ∧top( zO(D)s
z−γ(h)+1O(D)s

⊗ Vγ

)
]
)
.

Further, the weight of the H-action on D(E′ ×G V ) ⊗D(E ×G V )−1 is given by

−2
∑

γ∈A:γ(h)>0

γ(h) dimVγ · γ.

We now come to the proof of the following result, which was used in the proof of 
Theorem 5.2.

Proposition 6.4. Let the notation and assumptions be as in the proof of Theorem 5.2: 
‘(b) ⇒ (a)’. Then,

f∗Dm
C = (M(�λ,m))N ,

where N is the degree of the ramified cover π : C → P1 of Subsection 4.1.

Proof. Take F̃ = (F; ̄g1, . . . , ̄gn) ∈ ParbunG and let E := π∗F. By the projection for-
mula

D(C,E×G g) = D(P1,F ×G g)N . (37)

Let E′ = f(F̃) be the new bundle over C obtained via modifying the bundle E at the 
points ̃bk (by twisting E at the points ̃bk via the morphism �k : D̃k → H, z̃k �→ z̃

Nλ∗
k/2g

∗m
k , 

where z̃k is a local parameter for the formal disk D̃k of C at b̃k), where f is the inverse 
of the ramified cover correspondence as in Theorem 4.3 for �μ = ( λ∗

1
2g∗m , . . . , λ∗

n

2g∗m ). By 
Definition 6.1,

D(E′ ×G g) = D(E×G g) ⊗
(
⊗n

k=1
(
⊗β∈R∪{0}[Lβ(k) : L′

β(k)]
))
, (38)

where Lβ(k), L′
β(k) over D̃k are defined as in the beginning of this section tak-

ing V to be the adjoint representation g of G. By Proposition 6.3, the action of 
H on ⊗β∈R∪{0}[Lβ(k) : L′

β(k)] is via the linear form θk on h defined as fol-
lows:

θk(h) := −2
∑

β∈R+

β(Nλ∗
k/2g∗m)β(h), for h ∈ h

= −〈Nλ∗
k , h〉, by Lemma 3.4.
m
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Thus,

θk = −Nλk/m. (39)

Combining the equations (37), (38) and (39), we get

f∗(DC)m = DNm ⊗ (⊗n
k=1Lk(Nλk))

= M(�λ,m)N . (40)

This proves the proposition.
We give another proof of the proposition using the affine flag variety realization of 

ParbunG.
Second Proof. Let z̃k be a parameter for the curve C at the point b̃k and let zk be 

a parameter for P1 at the point bk. Let Gbk (resp. Gb̃k
) be the loop group G(C((zk)))

(resp. G(C((z̃k)))) and let Bbk (resp. Pb̃k
) be the Iwahori (resp. parahoric) subgroup 

defined as {h ∈ G(C[[zk]]) : h(0) ∈ B} (resp. G(C[[z̃k]])). Let ΓP1 (resp. ΓC) be the 
group of maps P1 \ {b1, . . . , bn} → G (resp. maps C \ {b̃1, . . . , ̃bn} → G). Then, there are 
canonical identifications (cf. [30, Theorem 8.5] for a similar result, the proof of which 
can be adapted to prove the following; also see [34]):

ParbunG � ΓP1\
( n∏
k=1

Gbk/Bbk

)
, (41)

and

BunG(C) � ΓC\
( n∏
k=1

Gb̃k
/Pb̃k

)
, (42)

where ΓP1 acts on 
∏n

k=1 Gbk/Bbk diagonally via evaluation at bk on the k-th factor 
and a similar action of ΓC on 

∏n
k=1 Gb̃k

/Pb̃k
. Now, the map f : ParbunG → BunG(C)

corresponds (under the above identifications) to the map

f̂ : Γ1
P\
( n∏
k=1

Gbk/Bbk

)
→ ΓC\

( n∏
k=1

Gb̃k
/Pb̃k

)
,

taking

ΓP1(g1(z1)Bb1 , . . . , gn(zn)Bbn) �→ ΓC(g1(z̃N1 )z̃−Nμ1
1 Pb̃1

, . . . , gn(z̃Nn )z̃−Nμn
n Pb̃n

).

Consider the commutative diagram
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∏n
k=1 Gbk/Bbk

π

f̃ ∏n
k=1 Gb̃k

/Pb̃k

π̃

ΓP1\
(∏n

k=1 Gbk/Bbk

) f̂
ΓC\

(∏n
k=1 Gb̃k

/Pb̃k

)
,

where π̃ and π are the standard projection maps and f̃ is defined similar to f̂ . Now, by 
[29, Theorem 5.4 and Lemma 5.2], the bundle π̃∗(Dm

C ) over 
∏n

k=1 Gb̃k
/Pb̃k

is the homo-
geneous line bundle corresponding to the affine characters (−2g∗mω0, . . . , −2g∗mω0)
respectively on each factor, where ω0 is the zeroth affine fundamental weight. Sim-
ilarly, the bundle π∗(M(�λ, m)) over 

∏n
k=1 Gbk/Bbk is the homogeneous line bundle 

corresponding to the affine characters (−2g∗mω0 − λ1, . . . , −2g∗mω0 − λn) respec-
tively on each factor. It is easy to see that the homogeneous line bundle corre-
sponding to the affine characters (−2g∗mω0, . . . , −2g∗mω0) over 

∏n
k=1 Gb̃k

/Pb̃k
pulls 

back under f̃ to the homogeneous line bundle corresponding to the affine characters 
(−2g∗mNω0−2g∗mNμ∗

1, . . . , −2g∗mNω0−2g∗mNμ∗
n) over 

∏n
k=1 Gbk/Bbk (cf. [27, Def-

inition 11.3.4] and the fact that H2(Gbk/Bbk , Z) � Pic(Gbk/Bbk), where the latter can 
be proved by the same proof as that of [29, Proposition 2.3]). Since μk = λ∗

k/2g∗m, and 
the map π induces an injective map of the corresponding Picard groups (cf. [30, Proof 
of Proposition 8.7]), we get the proposition. �
Lemma 6.5. For any (not necessarily dominant) integral weights �λ = (λ1, . . . , λn) and 
an integer m, the space H0(ParbunG, M(�λ, m)) = 0 unless m is a non-negative integer 
and each λk is dominant of level 2g∗m.

Proof. First of all, from the affine analogue of the Borel–Weil–Bott theorem (cf. [27, 
Corollary 8.3.12]), the space (following the notation in the ‘Second Proof’ of Proposi-
tion 6.4) H0(Gbk/Bbk , L(λk+2g∗mω0)

)
is zero unless m is a non-negative integer and λk

is a dominant integral weight for G of level 2g∗m, where L(λk +2g∗mω0) is the homoge-
neous line bundle over Gbk/Bbk corresponding to the affine character λk+2g∗mω0. Now, 
the lemma follows from the identification (41), since the line bundle M(�λ, m) pulls-back 
(under this identification) to the line bundle

L(λ1 + 2g∗mω0) � · · ·� L(λn + 2g∗mω0) over
n∏

k=1

Gbk/Bbk ,

and the identification of the space of sections H0(ParbunG, M(�λ, m)) with

H0( n∏
k=1

Gbk/Bbk ,L(λ1 + 2g∗mω0) � · · ·� L(λn + 2g∗mω0)
)Γ

P1

(cf. [30, Section 8.9]).
We give another proof.
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Second Proof. Assume that H0(ParbunG, M(�λ, m)) = 0. By the first displayed iden-
tification given in [30, §8.10] induced from the uniformization of ParbunG by the flag 
variety F (cf. Definition 5.1), it follows immediately that λk are dominant. Suppose 
λ1(θ∨o ) > k = 2g∗m. Choose eθo ∈ gθo and fθo ∈ g−θo such that [eθo , fθo ] = θ∨o , 
where gθo (resp. g−θo) is the highest (resp. lowest) root space of g. Take distinct 
points {p1, . . . , pn} ⊂ A1 ⊂ P1 so that p1 = 0. It is easy to see, using [3,30], that 
H0(ParbunG, M(�λ, m)) is identified with the dual of a space of the form

V = (Vλ1 ⊗ . . .⊗ Vλn
)

g(Vλ1 ⊗ . . .⊗ Vλn
) + imT k+1 ,

where k = 2g∗m, Vλk
is the finite dimensional irreducible representation of g with highest 

weight λk and T =
∑n

k=2 pkf
(k)
θo

(f (k)
θo

denotes the action of fθo on the k-th factor). We 
show that V = 0, which will complete the second proof.

We need only show that τ = v+
1 ⊗v2⊗ . . .⊗vn = 0 ∈ V, where v+

1 is the highest weight 
vector of Vλ1 and vk ∈ Vλk

are arbitrary weight vectors (since these vectors generate 
Vλ1 ⊗ . . .⊗ Vλn

as a g-module). To prove this, introduce the operator S =
∑n

k=2
1
pk
e
(k)
θo

on (Vλ1 ⊗ . . .⊗ Vλn
). Let

W0 = (Cv+
1 ⊗ Vλ2 ⊗ . . .⊗ Vλn

) ⊆ (Vλ1 ⊗ . . .⊗ Vλn
).

Clearly, S and T act on W0. Let θ∨o (vk) = μkvk, k = 2, . . . , n. Then, we can see that 
[S, T ](v+

1 ⊗ v2 ⊗ . . .⊗ vn) = (
∑

k≥2 μk)(v+
1 ⊗ v2 ⊗ . . .⊗ vn).

This leads to a sl2-action on W0 with the action of H ∈ sl2 by

H(v+
1 ⊗ v2 ⊗ . . .⊗ vn) = (

∑
k≥2

μk)(v+
1 ⊗ v2 ⊗ . . .⊗ vn),

E by S and F by T , where {E, F, H} is the standard basis of sl2. We can further assume 
that τ is of weight 0, for otherwise it is already in g(Vλ1 ⊗ . . . ⊗ Vλn

) itself. Then, the 
action of H on τ is multiplication by 

∑
k≥2 μk = −λ1(θ∨o ) < −k. Now, note that in any 

(not necessarily irreducible) finite dimensional sl2-representation W , if H acts on τ ∈ W

by −m with m > 0, then τ can be written as Fmτ ′, for some τ ′ ∈ W . Applying this to 
our τ , we see that τ = T k+1τ ′ for some τ ′ ∈ W0. Hence, τ = 0 in V. �
7. Levi twistings

Let G be a simple, simply-connected complex algebraic group and let P be a standard 
maximal parabolic subgroup. Let L be the Levi subgroup of P containing the maximal 
torus H.

This section is devoted to proving an isomorphism between the parabolic moduli 
stacks of L at degrees d and d ± 1 (cf. Lemma 7.4). This Levi twisting allows us to use 
a parabolic analogue of Narasimhan–Seshadri theorem. This is used in the induction 
argument in the proof of the irredundance result (Theorem 8.1).
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7.1. The structure of Levi subgroups

Note that

π2(G/P ) � H2(G/P ) = Z and π2(G) = 0,

where the first identification is via the Hurewicz theorem and the second identification 
with Z is by the Bruhat decomposition. (Of course π2(G) = 0 for any Lie group G.) 
Hence, from the long exact homotopy sequence for the fibration G → G/P , we get the 
isomorphism:

β : Z = H2(G/P ) → π1(P ) � π1(L), (43)

where the last isomorphism of course follows since L is a deformation retract of P .
The fundamental character ωP extends to a character (still) denoted by ωP : L → Gm

inducing a map π1(L) → π1(Gm) = Z. The loop zα
∨
P goes over to 1 ∈ Z. Therefore, 

ωP : L → Gm induces an isomorphism on fundamental groups.
Consider the maximal semisimple subgroup L′ = [L, L]. Then, L′ is a (connected) 

simply-connected group. To prove this, use the long exact homotopy sequence corre-
sponding to the fibration π : L → L/L′ together with the isomorphism (43) and the fact 
that L/L′ is a one dimensional torus. Let Zo be the identity component of the center Z
of L. Then, the canonical map i : Zo → L/L′ is clearly an isogeny.

Consider the pull-back diagram:

L̃

π̃

ĩ
L

π

Zo i
L/L′.

Then, the central inclusion Zo ↪→ L splits the left vertical projection, giving rise to a 
canonical isomorphism:

L̃ � L′ × Zo.

As in equation (3), let NP be the smallest positive integer such that x̄P := NPxP belongs 
to the coroot lattice of G. Then, z �→ zx̄P gives an isomorphism Gm → Zo. Let kL be the 
order of the cokernel of π1(Zo) → π1(L). Then, kL is also the order of Ker i (and Ker ĩ).

7.2. Degrees of principal L-bundles

Recall that the degree of a principal L-bundle L over P1 is the first Chern class of 
the line bundle L ×L C−ωP

→ P1. Since topologically the principal L-bundles on P1 are 
classified by π1(L) via the clutching construction, one can view the degree as an element 
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in π1(L) � Z (under the canonical identification as in (43)). We will be interested in 
considering the kL-degree

degkL
(L) := deg(L) (mod kL)

of a principal L-bundle.

7.3. Moduli stacks

Consider the stack ParbunL parameterizing the quasi-parabolic L-bundles L̃ =
(L; ̄l1, . . . , ̄ln) on P1 consisting of a principal L-bundle L on P1 with parabolic struc-
ture l̄k ∈ Lbk/BL, k = 1, . . . , n. This breaks up according to the degrees d ∈ π1(L):

ParbunL =�
d

ParbunL(d).

7.4. Line bundles on ParbunL

Given the characters �λ = (λ1, . . . , λn) of H and an integer m, analogous to the 
definition of M(�λ, m) as in Section 5, we can form the line bundle N(�λ, m) on ParbunL

whose fiber over L̃ = (L, ̄l1, . . . , ̄ln) is the line

D(L×L g)m ⊗ (⊗n
k=1L̄k(λk)),

where L̄k(λk) is the fiber of the line bundle Lbk ×BL C−λk
→ Lbk/BL over l̄k.

7.5. Sections of N(�λ, m) over ParbunL(d)

By a computation analogous to the equation (33), we see that the identity component 
Zo of the center of L acts trivially on N(�λ, m) if and only if

n∑
k=1

λk(xP ) = 4g∗dm/〈αP , αP 〉. (44)

7.6. Existence of global sections of line bundles over ParbunL(d)

Let l′ be the Lie algebra of L′ and let h′ := h ∩ l′ be its Cartan subalgebra. We can not 
apply Theorem 5.2 directly since L is not semisimple. We first consider the case when 
kL divides d. Write d = kLd

′. Now, consider the map

η : ParbunL′ → ParbunL(d), (45)
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which sends a parabolic L′-bundle L̃′ to the parabolic L-bundle L̃ obtained as the image 
of the principal L̃-bundle L′ × A under ĩ, where A is the principal Gm-bundle corre-
sponding to O(d′). (The parabolic structure on L is the canonical one coming from the 
parabolic structure on L′.)

This gives rise to the pull-back map

η∗ : H0(ParbunL(d),N(�λ,m)) → H0(ParbunL′ ,N′(�λ′,m)), (46)

where �λ′ := (λ′
1, . . . , λ

′
n), λ′

k := λk|h′ and N′(�λ′, m) is the line bundle which assigns to a 
parabolic L′-bundle L̃′, the line

D(L′ ×L′
g)m ⊗ (⊗n

k=1L̄k(λ′
k)).

Lemma 7.1. The map η∗ is an isomorphism for any N(�λ, m) such that the equation (44)
is satisfied.

Proof. The map η of stacks is surjective since the structure group of any principal 
L-bundle over P1 of degree divisible by kL lifts to L̃ and, moreover, L′/BL′ = L/BL. 
Hence, η∗ is injective.

To show that η∗ is surjective, pick a φ′ ∈ H0(ParbunL′ , N′(�λ′, m)). We need to lift 
the section φ′ to a section φ ∈ H0(ParbunL(d), N(�λ, m)). Since L′/BL′ = L/BL, it 
suffices to show that for any L̃1, L̃2 ∈ ParbunL(d), lifts L̃′

1, L̃
′
2 ∈ ParbunL′ (via η), and 

any L-bundle isomorphism φ : L1 → L2, there exists z ∈ Zo such that the composed 
L-bundle isomorphism mz ◦ φ : L1 → L2 (where mz : L2 → L2 is the isomorphism 
e �→ ez−1) lifts to a L′-bundle isomorphism φ′ : L′

1 → L′
2 (since, by assumption, Zo acts 

trivially on N(�λ, m)). To prove this, take any elements e1(x) ∈ L′
1(x), e2(x) ∈ L′

2(x) in 
the fiber over x ∈ P1. Then, we can write (thinking of e1(x) and e2(x) as elements of 
L1(x) and L2(x) respectively)

φ(e1(x)) = e2(x)l(x), for some l(x) ∈ L.

It is easy to see that l(x)L′ ∈ L/L′ does not depend upon the choices of e1(x) and 
e2(x). In particular, we get a function l : P1 → L/L′, which must be constant say loL′. 
Moreover, since Zo maps surjectively onto L/L′ (see Subsection 7.1), we can take lo ∈ Zo. 
This provides the lifting of mlo ◦ φ to a L′-bundle isomorphism φ′ : L′

1 → L′
2. �

7.7. Changing the kL-degree

Let G, P be as in the beginning of this section and let Q∨ ⊂ h be the coroot lattice 
of G.

Lemma 7.2. There exists an element μP ∈ Q∨ satisfying the following:
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(a) 0 ≤ α(μP ) ≤ 1, for all the roots α ∈ R+
l
, where R+

l
is the set of positive roots of l, 

and
(b) |ωP (μP )| = 1.

Proof. If the maximal parabolic P is such that αP is a long root (for simply-laced 
groups all the roots are considered long), then take μP = −α∨

P . By [16, Page 278], since 
|α(μP )| ≤ 1, for all the roots α = ±αP , we get that (a) is satisfied for μP = −α∨

P

(since 〈αi, α∨
P 〉 ≤ 0 for any αi = αP ). Of course, (b) is satisfied for μP = −α∨

P (with 
ωP (μP ) = −1).

Following the Bourbaki [16, Planche I–IX] convention, this leaves us with the following 
cases to consider, where we give an explicit μP in each case. (In the following, we denote 
by Pi the maximal parabolic subgroup with SPi

= {αi} and θo denotes the highest root 
of G.)

(1) G = B�, P = P�: Take μP�
= θ∨o ,

(2) G = C�, P = Pi (1 ≤ i < �): Take μPi
= θ∨o ,

(3) G = G2, P = P1: Take μP1 = θ∨o ,
(4) G = F4, P = P3: Take μP3 = ε1 − ε4, and
(5) G = F4, P = P4: Take μP4 = θ∨o . �
We refer to [35] for an analogue of the following construction. Choose a point c ∈ P1

distinct from b1, . . . , bn. For the convenience of the notation take c = 0. Let Parbun[1]
L (d)

be the moduli stack of parabolic L-bundles of degree d with parabolic structures at 
b1, . . . , bn, c. There is the forgetful morphism Parbun[1]

L (d) → ParbunL(d) (forgetting the 
parabolic structure at c). It is clear that pulling back N(�λ, m) results in a similar line 
bundle (with λn+1 = 0 and no changes in λ1, . . . , λn) without any change in the space 
of global sections.

We describe an operation which results in a morphism Parbun[1]
L (d)→Parbun[1]

L (d± 1). 
Fix any μ ∈ Q∨ and let �μ : C∗ → H ⊂ L be the one parameter subgroup �μ(z) = zμ. The 
operation is as follows: Fix a trivialization s of M̃ = (M; ̄l1, . . . , ̄ln+1) ∈ Parbun[1]

L (d) in a 
formal neighborhood D of c = 0 so that s(0)BL = l̄n+1. The new principal L-bundle Mμ, 
which coincides with M outside of 0, is defined as follows: Sections of Mμ over D are 
meromorphic sections sa(z) of M so that �μ(z)a(z) is regular at 0. We have a sec-
tion

s′ = s�μ(z)−1 of Mμ over D. (47)

The construction of the new bundle Mμ depends on the choice of the trivialization s. 
In particular, it may not give a well defined bundle Mμ for an arbitrary choice of μ. 
However, we have the following result:

Lemma 7.3. Assume that μ ∈ Q∨ satisfies the condition (a) of Lemma 7.2. Then, for 
any M̃ = (M; ̄l1, . . . , ̄ln+1) ∈ Parbun[1]

L (d), the above operation gives a well-defined bun-
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dle Mμ, i.e., the construction of Mμ does not depend on the choice of the trivialization 
s satisfying s(0)BL = l̄n+1.

Further, the degree d′ of Mμ is d + ωP (μ).

Proof. We first show that changing s(z) by s(z)c(z) with c(z) ∈ L[[z]] := L(C[[z]]) and 
c(0) ∈ BL does not change Mμ (in its meromorphic identification with M). To prove 
this, it suffices to show that �μ(z)c(z)�μ(z)−1 is regular at z = 0:

Considering the embedding L[[z]] ⊂ G[[Z]], and the affine Kac–Moody Lie algebra 
L̂(g) := C[z, z−1] ⊗C g ⊕ Cc ⊕ Cd (cf., [27, Section 13.1]), it suffices to show that

Ad �μ(z) · (zC[z] ⊗ gβ) ⊂ C[z] ⊗ l, for any β ∈ Rl, (48)

and

Ad �μ(z) · gβ ⊂ C[z] ⊗ l, for any β ∈ R+
l
, (49)

where gβ is the root space of g corresponding to the root β. But, as it is easy to see, for 
any μ ∈ Q∨ and any β ∈ R,

Ad(zμ) · (zn ⊗ gβ) ⊂ zn+β(μ) ⊗ gβ . (50)

From this equation, the equations (48) and (49) follow for any μ satisfying the condi-
tion (a) of Lemma 7.2.

By an easy calculation, the degree d′ of Mμ is d + ωP (μ). �
We now describe the parabolic structure on Mμ for any μ as in the above lemma. 

For any k = 1, . . . , n, the parabolic structure on Mμ is the same as that of M̃ at bk. To 
describe the parabolic structure at c, following [6], consider the subgroup Eμ of L as the 
set of all limits

lim
z→0

�μ(z)c(z)�μ(z)−1, c(z) ∈ L[[z]] with c(0) ∈ BL.

Then, by the equation (50), it is easy to see that the Lie algebra

Lie(Eμ) = h⊕
(
⊕β∈R+

l
:β(μ)=0 gβ

)
⊕

(
⊕β∈R+

l
:β(μ)=1 g−β

)
. (51)

In particular, Eμ is a Borel subgroup of L containing H. Hence, there exists a unique 
Weyl group element wμ of L such that Eμ = wμBLw

−1
μ . Thus, we get a well defined 

point in (Mμ)0/wμBLw
−1
μ by taking s′(0) (mod wμBLw

−1
μ ), for any section s′ of Mμ

over D defined by the equation (47). By the definition of Eμ, it is easy to see that the 
element s′(0) (mod wμBLw

−1
μ ) does not depend upon the choice of the section s of M

over D satisfying s(0)BL = l̄n+1.
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For any principal L-bundle E over a scheme Y , any y ∈ Y , and w in the Weyl group 
of L, we can identify

θw : Ey/(wBLw
−1) → Ey/BL

induced by e �→ ew. This allows us to define an element l̄μn+1 in the fiber (Mμ)c/BL

as the image of s′(0) (mod wμBLw
−1
μ ) under θwμ

. So, we get the parabolic bundle 

M̃μ := (Mμ; ̄l1, . . . , ̄ln, ̄lμn+1) ∈ Parbun[1]
L (d + ωP (μ)).

All in all, we therefore have completed our description of τμ : Parbun[1]
L (d) →

Parbun[1]
L (d +ωP (μ)). Taking μ = μP as in Lemma 7.2, we get a map τμP

: Parbun[1]
L (d) →

Parbun[1]
L (d ± 1).

Lemma 7.4. The map τμ : Parbun[1]
L (d) → Parbun[1]

L (d +ωP (μ)), for any μ satisfying the 
condition (a) of Lemma 7.2, is an isomorphism.

Proof. Let wμ ∈ WL be the element such that Eμ = wμBLw
−1
μ , where Lie (Eμ) is defined 

by the equation (51). Then, it is easy to see that τ−w−1
μ μ : Parbun[1]

L (d + ωP (μ)) →
Parbun[1]

L (d) is a well defined morphism of stacks. Moreover, it is the inverse of τμ, 
proving that τμ is an isomorphism. (Observe that w−w−1

μ μ = w−1
μ .) �

Finally, we need to consider the pull-back of line bundles under the above map τμ.

Lemma 7.5. For any μ satisfying the condition (a) of Lemma 7.2, any characters �λ =
(λ1, . . . , λn) of H and any integer m,

τ∗μ
(
N((�λ, 2g∗mμ∗),m)

)
= N((�λ, 0),m),

where μ∗ = κ−1(μ) (κ being defined in Section 3).

Proof. By Proposition 6.3, for any M̃ ∈ Parbun[1]
L (d), D(M′×L g) ⊗D(M ×L g)−1 is the 

line M0 ×L Cδ, where M′ is the underlying bundle of τμ(M̃) and δ ∈ h∗ is given by (for 
any x ∈ h)

δ(x) = −2
∑

γ∈R+

γ(μ)γ(x),

= −2g∗〈μ, x〉, by Lemma 3.4,

where R+ is the set of positive roots of g. Thus, δ = −2g∗μ∗. Thus, the pull-back of 
N((�λ, 2g∗mμ∗), m) under τμ is given by N((�λ, 0), m). This proves the lemma. �

Let μP ∈ Q∨ be any element satisfying Lemma 7.2 and let do be the smallest positive 
integer such that d + doωP (μP ) ≡ 0 (mod kL), where kL is defined in Subsection 7.1. 
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Choose points c1, . . . , cdo
∈ P1 distinct from the points b1, . . . , bn. For any 0 ≤ r ≤ do, let 

Parbun[r]
L (d) be the moduli stack of quasi-parabolic principal L-bundles on P1 of degree 

d with parabolic structures at b1, . . . , bn, c1, . . . , cr. Thus, Parbun[0]
L (d) = ParbunL(d). 

There is a similar definition of Parbun[r]
L′ , where we take n + r parabolic points.

Combining Lemmas 7.4 and 7.5, we get the following result, which is used in the proof 
of the irredundancy result Theorem 8.1 (cf. Subsection 8.3).

Corollary 7.6. For any μP satisfying Lemma 7.2, any characters �λ = (λ1, . . . , λn) of H
and any integer m ≥ 0 such that the equation (44) is satisfied, we have

H0(ParbunL(d),N(�λ,m)) � H0(Parbun[do]
L′ ,N′((�λ′, [2g∗m(μ∗

P )|h′ ]do),m)), (52)

where �λ′ := (λ′
1, . . . , λ

′
n), λ′

k := λk|h′ and [λ]do denotes do copies of λ.

Proof. For any 1 ≤ r ≤ do, the forgetful morphism Parbun[r]
L (d) → Parbun[r−1]

L (d)
clearly induces an isomorphism

H0(Parbun[r−1]
L (d + (r − 1)ωP (μP )),N((�λ, [2g∗mμ∗

P ]r−1),m)) �

H0(Parbun[r]
L (d + (r − 1)ωP (μP )),N((�λ, [2g∗mμ∗

P ]r−1, 0),m)).

Further, by Lemma 7.5, the isomorphism τμP
: Parbun[r]

L (d + (r − 1)ωP (μP )) →
Parbun[r]

L (d + rωP (μP )) induces an isomorphism in cohomology:

H0(Parbun[r]
L (d + rωP (μP )),N((�λ, [2g∗mμ∗

P ]r),m)) �

H0(Parbun[r]
L (d + (r − 1)ωP (μP )),N((�λ, [2g∗mμ∗

P ]r−1, 0),m)).

Combining the above two isomorphisms over all 1 ≤ r ≤ do, we get the isomorphism:

H0(ParbunL(d),N(�λ,m)) � H0(Parbun[do]
L (d + doωP (μP )),N((�λ, [2g∗mμ∗

P ]do),m)).

Now, the corollary follows from Lemma 7.1. (Observe that, by the identity (11), the 
equation (44) is satisfied for (�λ, [2g∗mμ∗

P ]do) and degree d + doωP (μP ).) �
Consider the decomposition h = h′ ⊕ zo, where zo (Lie algebra of Zo) is the center of 

l and h′ is the Cartan subalgebra of l′.

Lemma 7.7. For any μ ∈ Q∨ (where Q∨ is the coroot lattice of g), write

μ = μ′ + μo, μ′ ∈ h′, μo ∈ zo.

Then, Exp(2πiμ′) lies in the center of L′.
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Proof. Since μ ∈ Q∨, Exp(2πiμ) = 1 in G (and hence in L). Moreover,

Exp(2πiμ) = Exp(2πiμ′) · Exp(2πiμo).

But, Exp(2πiμo) ∈ Zo and hence Exp(2πiμ′) ∈ Zo ∩L′. In particular, Exp(2πiμ′) lies in 
the center of L′. �
Remark 7.8. Let f : L̂ → L be the simply-connected cover. Then, K := Ker f is 
canonically isomorphic with Z by the identification (43). Moreover, there is a canon-
ical decomposition of Lie groups L̂ � L′ × zo. Take the generator 1 ∈ K and consider 
its image xo in L′ under the above decomposition. Then, clearly, xo is a central element 
of L′. Further, it can be seen, by using Lemma 7.2(b), that Exp(±2πiμ′

P ) coincides 
with xo.

8. Irredundancy of the inequalities in Theorem 4.1

The aim of this section is to prove the following theorem, which is the multiplicative 
eigen polytope analogue of Ressayre’s result [37]. The following result for G = SLm was 
proved by Belkale combining the works [8,9] (see Remark 8.6).

Theorem 8.1. Let n ≥ 3. The inequalities

I P
(u1,...,un;d) :

n∑
k=1

ωP (u−1
k μk) ≤ d,

given by part (b) of Theorem 4.1 (as we run through the standard maximal parabolic 
subgroups P , n-tuples (u1, . . . , un) ∈ (WP )n and non-negative integers d such that 
〈σP

u1
, . . . , σP

un
〉�0
d = 1) are pairwise distinct (even up to scalar multiples) and form an 

irredundant system of inequalities defining the eigen polytope Cn inside A n, i.e., the hy-
perplanes given by the equality in I P

(u1,...,un;d) are precisely the (codimension one) facets 
of the polytope Cn which intersect the interior of A n.

We divide the proof into several parts.

8.1. First of all, the inequalities I P
(u1,...,un;d) are pairwise distinct, even up to scalar 

multiples:
The stabilizer of ωP under the action of W is precisely equal to the subgroup WP . 

Let ukωP = zvkωP , for all 1 ≤ k ≤ n and some real number z (independent of k) and 
elements uk, vk ∈ WP . By considering the norms under the W -invariant form on h∗, we 
see that z = ±1. Further, z = −1, for otherwise Cn would satisfy two inequalities with 
opposite signs contradicting the fact that Cn has non-empty interior in hn. Thus, z = 1
and each uk = vk.
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Now, take two standard maximal parabolic subgroups P = Q and assume that ukωP =
zvkωQ, for all 1 ≤ k ≤ n and d = zd′, for some real number z (independent of k) and 
elements uk ∈ WP , vk ∈ WQ and non-negative integers d, d′. For z < 0, again Cn would 
satisfy two inequalities with opposite signs (which is not possible). So z > 0. Now, the 
only dominant element in the W -orbit of a dominant weight λ is λ itself. Hence, we get 
ωP = zωQ, which is not possible since P = Q.

Finally, since none of ukωP = 0 and n ≥ 3 (in particular n ≥ 2), we get that the facet 
determined by any I P

(u1,...,un;d) cannot be a facet of the alcove A n (since the facets of 
A n are given by the vanishing of (0, . . . , 0, λi, 0, . . . , 0) where λi placed in the i-th place, 
1 ≤ i ≤ n, is either a simple root or the highest root).

8.2. Now, we show that none of the inequalities I P
(u1,...,un;d) can be dropped. In the 

rest of the proof, we fix a standard maximal parabolic subgroup P of G, u1, . . . , un ∈ WP , 
and d ≥ 0 such that

〈σP
u1
, . . . , σP

un
〉�0
d = 1. (53)

We wish to show that the inequality I P
(u1,...,un;d) can not be dropped. We will produce 

a collection of points of Cn for which the above inequality is an equality, and such that 
their convex span has the dimension of a facet (i.e., −1 + n dim h). Before we come to 
its proof, we need some preparatory material.

As in Subsection 3.7, for any quasi-parabolic principal G-bundle Ẽ = (E; ̄g1, . . . , ̄gn)
over P1, define the subscheme

Z ′
d(Ẽ) = {f ∈ Zd(E) : f(bk) and ḡk are in relative position uk ∀1 ≤ k ≤ n},

and its open subscheme:

Zo
d(Ẽ) = {f ∈ Z ′

d(E) : θ(P̃(f)) = 0},

where Zd(E) is the space of sections of E/P of degree d, P̃(f) is the P -subbundle of E
associated to f with its parabolic structures (p̄1, . . . , p̄n) as described in Subsection 3.7
and θ ∈ H0(ParbunP (d), R) is the section defined in Subsection 3.6. This gives rise to a 
stack Z′

d and morphism

π′ : Z′
d → ParbunG with fiber Z ′

d(Ẽ) over Ẽ,

and an (non-empty) open substack Zo
d of Z′

d and morphism

πo : Zo
d → ParbunG with fiber Zo

d(Ẽ) over Ẽ.

Note that, by equation (53), πo is a smooth representable morphism with finite fibers 
with general fiber being a single reduced point (cf. the proof of Lemma 3.11). Now, 
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since ParbunG is smooth, applying Zariski’s main theorem in its ‘original form’ (cf. [33, 
Chap. III, §9]) to the base change to a smooth atlas of ParbunG, we obtain that the 
image of πo is an open substack V of ParbunG, and that πo : Zo

d → V is an isomorphism 
of stacks.

Remark 8.2. Note that Zo
d is irreducible, otherwise the map πo being smooth will have 

at least two points in a general fiber, which contradicts (53).

Define a morphism of stacks i : ParbunL(d) → ParbunG, taking L̃ = (L; l1BL,

. . . , lnBL) �→ (L ×L G; l1u−1
1 B, . . . , lnu−1

n B). Also, the Levification process Gr P via 
the one parameter subgroup tx̄P , as in Subsection 3.8, gives a morphism of stacks 
ξ : Z′

d → ParbunL(d). (The ambiguity in the choice of p̄k as in Subsection 3.7 disap-
pears in taking Gr P.) Similarly, consider the morphism of stacks j : ParbunL(d) → Z′

d, 
L̃ = (L; l1BL, . . . , lnBL) �→ (L ×L P ; l1BL, . . . , lnBL). Then, clearly

i = π′ ◦ j.

These maps are organized in the following diagram:

Zo
d ⊆

πo

Z′
d

ξ
π′

V ⊆ ParbunG ParbunL(d)
j

i

(54)

From the definition, it is easy to see that i∗(M(�λ�u, m)) � N(�λ, m), where �λ�u :=
(u1λ1, . . . , unλn).

Lemma 8.3. For any (�λ, m) such that the identity component Zo of the center of 
L acts trivially on N(�λ, m), the line bundles ξ∗(N(�λ, m)) = ξ∗i∗(M(�λ�u, m)) and 
(π′)∗(M(�λ�u, m)) are isomorphic over the stack Z′

d.
In particular, the lemma applies to any (�λ, m) ∈ S, where S is defined below by the 

equation (55).

Proof. Since tx̄P ⊂ Zo acts trivially on N(�λ, m), the lemma follows from the definition 
of the Levification map ξ and the following simple lemma. �

Let R be a Gm-equivariant line bundle on A1 such that the action of Gm on R0

is trivial. Then, using the Gm-action and taking limit as t → 0, we get the follow-
ing:

Lemma 8.4. There is a canonical identification Rt
∼→ R0, for any t ∈ A1.
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Define the subset

S = {(�λ,m) = (λ1, . . . , λn;m) ∈ X(H)n × Z+ :

H0(ParbunL(d),N(�λ,m)r) = 0, for some r > 0}. (55)

In particular, for (�λ, m) ∈ S, Zo acts trivially on N(�λ, m). By the equation (44), for any 
(�λ, m) ∈ S, 

∑n
k=1 λk(xP ) = 4g∗dm/〈αP , αP 〉.

Define a map S → hn by (�λ, m) �→ 1
2g∗m

�λ. We will show (in Subsection 8.3) that the 
convex span of the image of this map has dimension −1 + n dim h.

Proposition 8.5. For any (�λ, m) ∈ S, there exists a divisor D(�λ,m) ⊂ ParbunG contained 

in the complement of V such that M(�λ�u, m)r(D(�λ,m)) has a nonzero section over ParbunG

for some r > 0.
Moreover, the line bundle O(D(�λ,m))

p over ParbunG (for some p > 0) is of the form 

M(�λo, mo) for some mo ≥ 0 and some characters �λo = (λo
1, . . . , λ

o
n) with each λo

k being a 
G-dominant character of level mo. Further, i∗(O(D(�λ,m))) admits a nonzero section over 
ParbunL(d).

For a finite subset F of S, we can choose a line bundle O(DF ) as above, which works 
for all �λ ∈ F .

Proof. By assumption, N(�λ, m)r has a nonzero section over ParbunL(d). Since (u1, . . . ,
un; d) is quantum Levi-movable, j−1(Zo

d) is a non-empty open subset of ParbunL(d)
and hence ξ∗(N(�λ, m)r) has a nonzero section over Zo

d. Thus, by Lemma 8.3 and the 
isomorphism Zo

d � V, we get that M(�λ�u, m)r has a nonzero section σ over V. Since 
ParbunG is a smooth Artin stack (see [40] and the references therein), there is a divisor 
D(�λ,m) ⊂ ParbunG \V such that σ extends as a nonzero section of M(�λ�u, m)r(D(�λ,m))
over the whole of ParbunG (use a smooth atlas of ParbunG).

To prove the second part, consider the identification of stacks obtained from the 
uniformization LC(G)\F � ParbunG, where F := QG × (G/B)×n, QG is the infinite 
Grassmannian associated to G and LC(G) is the group of regular maps from C \ {∗}
to G (cf. [30, Theorem 8.5]). This gives rise to the identification:

Pic(ParbunG) � PicLC(G)(F ) ↪→ Pic(F ),

where PicLC(G)(F ) denotes the group of isomorphism classes of LC(G)-equivariant line 
bundles on F . The injectivity of the second forgetful map follows immediately from 
the fact that LC(G) does not admit any nontrivial characters (cf. [30, Corollary 5.2]). 
From the description of Pic(F ) (cf., e.g., [30, Proposition 8.7]) and the above injective 
map Pic(ParbunG) ↪→ Pic(F ), O(D(�λ,m))

p (for some p > 0) is of the form M(�λo, mo) for 
suitable characters �λo = (λo

1, . . . , λ
o
n) and integer mo (use the definition of the line bundle 

M(�λ, m) on ParbunG as in Definition 5.1). Since O(D(�λ,m)) has a nonzero global section, 
we get that mo ≥ 0 and moreover each λo

k is dominant of level 2g∗mo (cf. Lemma 6.5). 
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Further, since the canonical section of O(D(�λ,m)) does not vanish on ParbunG \D(�λ,m) ⊃
V, and i−1(V) is non-empty, we get that i∗(O(D(�λ,m))) admits a nonzero section over 
ParbunL(d). This proves the proposition. �

8.3. We are now ready to complete the proof of Theorem 8.1.

Proof of Theorem 8.1 (continued). Let Cn(L′) denote the eigen polytope of L′ (which 
is simply-connected, semisimple group). For any central element z of L′, consider the 
twisted eigen polytope

Cn(L′)z :=
{
�μ′ = (μ′

1, . . . , μ
′
n) ∈ A n

L′ : z ∈ C(μ′
1) . . . C(μ′

n)
}
,

where AL′ ⊂ h′ is the fundamental alcove of L′ (which is the product of the fundamen-
tal alcoves of the simple components of L′) and C(μ′

k) denotes the conjugacy class of 
Exp(2πiμ′

k) under a maximal compact subgroup of L′.
Since z is central, it is easy to see that (just as Cn(L′)) Cn(L′)z is a rational convex 

polytope with nonempty interior in h′n.
Let μ′

P be the h′-component of μP ∈ h = h′ ⊕ zo, where μP ∈ Q∨ is any element 
satisfying Lemma 7.2. Then, by Lemma 7.7, Exp(2πiμ′

P ) is central in L′. Thus, taking 
z = (Exp(2πiμ′

P ))−do (where do is as in Corollary 7.6), for any �μ′ ∈ Cn(L′)z, we get 
(�μ′, [μ′

P ]do) ∈ Cn+do
(L′). (Observe that μ′

P ∈ AL′ .)
Thus, applying Theorem 5.2 and Remark 5.3(b) for simple G replaced by semisimple 

L′ and n replaced by n +do, we get that for any rational point �μ′ ∈ Cn(L′)z, there exists 
a large enough positive integer r divisible by 2g∗ such that

H0(Parbun[do]
L′ ,N′((r(�μ′)∗, [r(μ′

P )∗]do), r/2g∗)) = 0, (56)

where (�μ′)∗ := (κ−1(μ′
1), . . . , κ−1(μ′

n)). Thus, by Corollary 7.6, we see (possibly by taking 
a multiple of r) that

H0(ParbunL(d),N(r(�μ)∗, r/2g∗)) = 0,

for any rational �μ = (μ1, . . . , μn) ∈ hn satisfying the following two conditions:
(a) The h′-component of μk coincides with μ′

k, for all 1 ≤ k ≤ n, and
(b) r(�μ)∗ satisfies the condition (44) for m = r/2g∗, i.e.,

n∑
k=1

〈μk, xP 〉 = 2d/〈αP , αP 〉. (57)

Thus, for any rational point �μ′ ∈ Cn(L′)z, we get that there exists a large enough 
positive integer r such that (r(�μ)∗, r/2g∗) ∈ S, for any rational �μ satisfying the above 
conditions (a) and (b). Take a finite collection F of such �μ such that their convex span 
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is of dimension −1 + n dim h. (This is possible since Cn(L′)z is of dimension n dim h′

and, for any �μ′, the extension of �μ′ to �μ satisfying the above conditions (a) and (b) is a 
(n − 1)-dimensional space.) Thus, we can find a uniform positive integer ro such that 
(ro(�μ)∗, ro/2g∗) ∈ S for any �μ ∈ F. Thus, by Proposition 8.5, we get that there exists 
(�λo, mo) such that (replacing ro by a positive multiple of ro)

H0(ParbunG,M(ro(�μ)∗�u + �λo,
ro
2g∗ + mo)) = 0,

and hence so is

H0(ParbunG,M(ro(�μ)∗�u + ro�λo,
ro
2g∗ + romo)) = 0.

Hence, by Theorem 5.2 and Lemma 6.5,

�μ�u + �λ∗
o

1 + 2g∗mo
∈ Cn

and so is �λ∗
o/2g∗mo ∈ Cn (by Proposition 8.5).

Now,

n∑
k=1

ωP (u−1
k (ukμk)) =

n∑
k=1

ωP (μk) = 〈αP , αP 〉
2

n∑
k=1

〈μk, xP 〉, by the identity (11),

= d, by the identity (57).

Thus, for any �μ ∈ F, the element �μ�u = (u1μ1, . . . , unμn) lies in the hyperplane H given 
by the equality of I P

(u1,...,un;d). Also, since i∗(M(�λo, mo)) admits a nonzero section over 
ParbunL(d) (by Proposition 8.5), we get that (by the equation (44)),

∑
k

(u−1
k λo

k)(xP ) = 4g∗dmo

〈αP , αP 〉
,

i.e., �λ∗
o/2g∗mo lies in H. Hence, the convex combination

1
1 + 2g∗mo

�μ�u + 2g∗mo

1 + 2g∗mo

�λ∗
o

2g∗mo
= �μ�u + �λ∗

o

1 + 2g∗mo
∈ H ∩ Cn.

From this we see that H ∩Cn is of dimension −1 +n dim h, since, by assumption, convex 
span of �μ ∈ F is of this dimension. This proves Theorem 8.1 completely. �
Remark 8.6. Let G = SLr and �λ = (λ1, . . . , λn) be a collection of dominant integral 
weights each of level ≤ k (which is arbitrary, and not necessarily a multiple of g∗ = r) 
such that their sum lies in the root lattice of g, the Lie algebra of SLr. Let V � be 
g,λ,k
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the space of conformal blocks for �λ at level k for the marked curve (P1, b1, . . . , bn) (see, 
e.g., [3] for the definition of conformal blocks). The quantum generalization of Fulton’s 
conjecture (abbreviated as QFC) asserts that for any positive integer N , V

g,�λ,k has rank 1
if and only if V

g,N�λ,Nk has rank 1. As observed in [8, Page 50], QFC for SLr is implied 
by the irredundance (i.e., Theorem 8.1) for SLm for each m > r. Therefore, one obtains 
a new proof of QFC.

The article [8] shows also that Theorem 8.1 holds for SLm assuming the validity 
of QFC. In [9], a geometric proof of the classical Fulton conjecture (proved earlier by 
Knutson–Tao–Woodward [24]) was given. It was noted there that the proof carries over 
to the quantum case as well (but full proofs were not given in the quantum case).

9. Example: determination of deformed product in quantum cohomology for rank-2
groups

We determine the deformed product in the quantum cohomology for G/P , where G
is a rank-2 group and P is a maximal parabolic subgroup which is not cominuscule. 
The maximal parabolic Pi refers the one with SPi

= {αi}. In the following examples, 
we follow the indexing convention as in Bourbaki [16, Planche II, IX], and the classes 
ai, bi, ci refer to the unique classes σP

ui
∈ H2i(XP , Z), i.e., corresponding to the Schubert 

varieties XP
ui

of codimension i. As in Definition 3.5, the variable q (resp. τ) refers to the 
quantum (resp. deformed) variable.

The multiplication table for the small quantum cohomology of G/P , for maximal 
parabolic subgroups P , for G of type B2 (resp. of type G2) is taken from A. Buch’s home-
page: www.math.rutgers.edu/~asbuch/qcalc/qcalc-manual.txt (resp. [39, §5.2]). This al-
lows us to determine the product in the deformed quantum cohomology by using the 
identity (12).

Example 1. G = B2, P = P2:

H∗(G/P2) a0 a1 a2 a3

a0 a0 a1 a2 a3
a1 τa2 a3 τqa0
a2 qa0 qa1
a3 τqa2

Example 2. G = G2, P = P1:

H∗(G/P1) b0 b1 b2 b3 b4 b5

b0 b0 b1 b2 b3 b4 b5
b1 τ2b2 5τb3 τ2b4 b5 + τ2qb0 τ2qb1
b2 5τb4 b5 + τ2qb0 2qb1 τ2qb2
b3 τqb1 τqb2 τ2qb3
b4 2qb3 τ2qb4
b5 τ4q2b0

http://www.math.rutgers.edu/~asbuch/qcalc/qcalc-manual.txt
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Example 3. G = G2, P = P2:

H∗(G/P2) c0 c1 c2 c3 c4 c5

c0 c0 c1 c2 c3 c4 c5
c1 3c2 2τc3 + τqc0 3c4 + qc1 c5 + qc2 τqc3 + 2τq2c0
c2 2τc4 + τqc1 c5 + 2qc2 τqc3 + τq2c0 τqc4 + τq2c1
c3 2qc3 + 2q2c0 qc4 + q2c1 2q2c2
c4 q2c2 τq2c3
c5 2τq2c4
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