Proceedings of Symposia in Pure Mathematics
Volume 86, 2012

An approach towards the Kollar-Peskine problem via the
Instanton Moduli Space

Shrawan Kumar

1. Introduction

Kolldr and Peskine (cf. [BC, page 278]) asked the following question on com-
plete intersections over the field C of complex numbers. In this note, the field C is
taken as the base field. By a variety, we mean a complex quasiprojective (reduced)
(but not necessarily irreducible) variety.

QUESTION 1.1. Let C, C P? be a family of smooth curves parameterized by the
formal disc D := spec R, where R is the formal power series ring Cl[t]] in one
variable. Assume that the general member of the family is a complete intersection.
Then, is the special member Cy also a complete intersection?

By using a construction due to Serre, the above problem is equivalent to the
following (cf. [Ku]).

QUESTION 1.2. Let V; be a family of rank two vector bundles on P3. Assume
that the general member of the family is a direct sum of line bundles. Then, is the
special member Vi also a direct sum of line bundles?

Let us consider the following slightly weaker version of the above question.

QUESTION 1.3. Let V; be a family of rank two vector bundles on P3. Assume
that the general member of the family is a trivial vector bundle. Then, is the special
member Vy also a trivial vector bundle?

In the next section, we show that the above question is equivalent to a question
on the nonexistence of algebraic maps from P? to the infinite Grassmannian X as-
sociated to the affine SL(2). Specifically, we have the following result (cf. Theorem
2.5):

THEOREM 1.4. Let X be any irreducible projective variety. Then, the following
two conditions are equivalent:

(a) Any rank-2 vector bundle F on X x D with trivial determinant, such that
Fixxp+ is trivial, is itself trivial.

(b) There exists no nonconstant morphism X — X.

Thus, Question 1.3 is equivalent to the following question (cf. Question 2.6):
QUESTION 1.5. Does there exist no nonconstant morphism P3 — X2
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Let Mord(P!, X) denote the set of base point preserving morphisms from P! —
X of degree d. It is a complex algebraic variety. As we show in Section 3, any
morphism ¢ : P? — X of degree d, preserving the base points, canonically induces
a morphism

¢ : C3\{0} — Mor? (P, X).

Let Mg be the set of isomorphism classes of rank two vector bundles V over P? with
trivial determinant and with second Chern class d together with a trivialization of
Vipr. Then, My has a natural variety structure, which will be referred to by the
Donaldson moduli space. Donaldson showed that there is a natural diffeomorphism
between My and the instanton moduli space Z; of Yang-Mills d-instantons over the
flat R* with group SU(2) modulo based gauge equivalence. As shown by Atiyah,
there is a natural embedding

i : Mor?(P*, X) — My

as an open subset (cf. Proposition 3.1). Thus, the morphism qg gives rise to a
morphism (still denoted by) ¢ : C*\{0} — M,. Define an action of C* on C3\{0}
by homothecy and on P? via:

z - [A“U,,I/] = [Z71>‘MU’7V]'

This gives riAse to an action of C* on M, via the pull-back of bundles. Then, the
embedding ¢ is C*-equivariant (cf. Theorem 3.2).
We would like to make the following conjecture (cf. Conjecture 3.3).

CONJECTURE 1.6. For any d > 0, there does not exist any C*-equivariant
morphism f: C3\{0} — M.

Assuming the validity of the above conjecture 1.6, we get that there is no
nonconstant morphism ¢ : P — X

Thus, by Theorem 1.4, assuming the validity of the above Conjecture 1.6, any
rank-2 bundle F on P3 x D with trivial determinant, such that Fipax p= 18 trivial,
is itself trivial (cf. Corollary 3.4).

As a generalization of the above, we would like to make the following conjecture
(cf. Conjecture 3.5).

CONJECTURE 1.7. For any n > 2, let X, be the infinite Grassmannian as-
sociated to the group G = SL(n), i.e., X, = SL(n,K)/SL(n,R), where K is
the quotient field of R. Then, there does not exist any mnonconstant morphism
¢ PPl X

Finally, in Section 4, we recall an explicit construction of the moduli space M
via the monad construction and show that the C*-action on M, takes a relatively
simple form (cf. Lemma 4.3).
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2. Kollar-Peskine problem and infinite Grassmannian

For more details on the following construction of the infinite Grassmannians,
see [K, Chapter 13].

Set G = SL(2,K),P = SL(2,R), where K := C[[t]][t"!] denotes the ring of
Laurent series in one variable and R is the subring C|[[t]] of power series. The ring
homomorphism R — C, t — 0, gives rise to a group homomorphism 7 : P —
SL(2,C). Define B = n~1(B), where B C SL(2,C) is the Borel subgroup consisting
of the upper triangular matrices. For any d > 0, define

xo= )" B(" " \ppcgp
d_Un=0 0 t-n /P CG/P.
Then, Xy admits a natural structure of a projective variety and Ug>9Xq = G/P.
Moreover, X, is irreducible (of dimension d), and X4 < X411 is a closed embed-
ding. In particular, X := G/P is a projective ind-variety.

For any integer d > 0, consider the set L4 of R-submodules L C K ®¢ V such
that

t'L, ¢ L c t7L,, and dim¢(L/t*L,) = 2d,
where V :=C2 and L, ;= R® V. Let
L= Ua>o0 Ly.

Any element of L is called an R-lattice in K ®c V.
The group SL(2, K) acts canonically on K ®¢ V. Recall the following from [K,
Lemma 13.2.14].

LEMMA 2.1. The map gSL(2, R) — gL, (for g € SL(2, K)) induces a bijection
B:X— L.

Let X be any irreducible projective variety and let F be a rank two vector
bundle on X x D with trivial determinant, where D := spec R. Fix a trivialization
of the determinant of F. Assume that F|xp- is trivial, D* being the punctured
formal disc D* := spec K. Fix a compatible trivialization 7 of F|x x p~ (compatible
with the trivialization of the determinant of F). For any x € X,

H%xzx D, F) = H(x x D*, F) ~ K ®c V.

Thus,
L, :=H%zxD,F)— K &cV.

It can be seen that L, is an R-lattice in K ®c V. Moreover, the map = +— L,
provides a morphism ¢x(7) : X — X under the identification of Lemma 2.1 (de-
pending upon the trivialization 7). If we choose a different compatible trivialization
7" of the bundle F|xxp-, it is easy to see that the morphism ¢x(7’) differs from
¢+ (7) by the left multiplication of an element g € G, i.e.,

oF () () = gpr(7)(x), forall z € X.

(To prove this, observe that any morphism X x D* — SL(2,C) is constant in the
X-variable since X is an irreducible projective variety by assumption.)

Set [¢p£] as the equivalence class of the map ¢x(7) : X — X (for some compat-
ible trivialization 7), where two maps X — X are called equivalent if they differ by
left multiplication by an element of G. Thus, [¢r] does not depend upon the choice
of the compatible trivialization 7 of F|x x p=.
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LEMMA 2.2. The bundle F is trivial on X x D if and only if the map [pF] is
a constant map.

ProoF. If F is trivial on X x D, then [¢x] is clearly a constant map. Con-
versely, assume that [¢x] is a constant map. Choose a compatible trivialization 7
of Fxxp~ so that

L, = Ly, Ve € X.

Let ¢ := ¢x(7). Take a basis {ej,ea} of V. This gives rise to unique sections
o1(x),02(z) € H°(z x D,F) corresponding to the elements 1 ® e; and 1 ® ey
respectively under the map ¢. Let 51,5, € HO(X x D*, F) be everywhere linearly
independent sections such that o;(2)|, . = Sijzxp=, for all z € X.

It suffices to show that o1 (z), o2(z) are linearly independent at 0 as well. Take
a small open subset U C X so that the bundle F|iy«p is trivial. Fix a compatible
trivialization 7" of Fjyxp. Then, the sections o; can be thought of as maps U x

D 2% V which are linearly independent over any point of U x D*. From this it
is easy to see that &; are linearly independent over any point of U x D since the
transition matrix over U x D* with respect to the two trivializations 7 and 7’ of
Fluxp+ has determinant 1. Covering X by such small open subsets U, the lemma
is proved. O

As above, a bundle F gives rise to a morphism ¢ : X — X (unique up to
the left multiplication by an element of G). Conversely, any morphism ¢ : X — X
gives rise to a bundle F. Before we can prove this, we need the following result.

Let U := P! x V — P! be the trivial rank-2 vector bundle over P!, where V
is the two dimensional complex vector space C2. For any g € G, define a rank-2
locally free sheaf %, on P! as the sheaf associated to the following presheaf:

For any Zariski open subset U C P!, set

0,(U) = H°(U,D), if 0 ¢ U, and

By (U) ={oc € H(U\{0},0): (0)g € g(R@c V)}, if0 €U,
where ()¢ denotes the germ of the rational section o at 0 viewed canonically as an
element of K ®c V.
With this notation, we have the following result from [KNR, Proposition 2.8].
(In fact, we only give a particular case of loc. cit. for G = SL(2,C) and for the
curve C' = P!, which is sufficient for our purposes.)

PROPOSITION 2.3. There is a rank-2 algebraic vector bundle U on X x P!
satisfying the following:

(1) The bundle U is of trivial determinant,

(2) The bundle U is trivial restricted to X x (P1\ {0}),

(3) For any x = gP € X (for g € G), the restriction Uj,xp1 is isomorphic with
the locally free sheaf U, as above.

LEMMA 2.4. For any morphism ¢ : X — X, there exists a rank two vector
bundle Fy on X x D with trivial determinant (explicitly constructed in the proof)
such that Fy v, . is trivial and such that the associated morphism [0F,] =[]

PROOF. As in Proposition 2.3, consider the vector bundle & on X x P* of rank
two. Let Uy be the pull-back of the family U to X x P! via the morphism ¢ x Id.
Let F4 be the restriction of Uy to X x D, where D is the formal disc around 0.
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Then, by the properties (1)-(2) of Proposition 2.3, the bundle F satisfies the first
two properties of the lemma. Finally, by the property (3) of Proposition 2.3 and
the definition of the map [¢,], it is easy to see that [¢r,] = [¢]. O

Combining Lemmas 2.2 and 2.4, we get the following theorem:

THEOREM 2.5. Let X be any irreducible projective variety. Then, the following
two conditions are equivalent:

(a) Any rank-2 vector bundle F on X x D with trivial determinant, such that
Fixxp+ 18 trivial, is itself trivial.

(b) There exists no nonconstant morphism X — X.

By virtue of the above theorem, an affirmative answer of Question 1.3 is equiv-
alent to an affirmative answer of the following question. Observe that under the
assumptions of Question 1.3, the family V;, thought of as a rank-2 vector bundle
V on P? x D, has trivial determinant by virtue of [H, Exercise 12.6(b), Chap. III].
Also, Vipsx p- is trivial by the semicontinuity theorem (cf. [H, §12, Chap. III]).

QUESTION 2.6. Does there exist no nonconstant morphism P3 — X' ?

DEFINITION 2.7. Recall (cf. [K, Proposition 13.2.19 and its proof]) that the
singular homology Hs(X,Z) ~ Z and it has a canonical generator given by the
Schubert cycle of complex dimension 1. For any morphism ¢ : P3 — X, define
its degree to be the integer d = dy such that the induced map in homology ¢, :
Hy(P3,Z) — Hy(X,Z) induced by ¢ is given via multiplication by d.

Since the pull-back of the ample generator of Pic X ~ H?(X,Z) (which is
globally generated) is a globally generated line bundle on P3, d > 0 and d = 0 if
and only if ¢ is a constant map.

For any rank-2 bundle F on P? x D with trivial determinant such that FixxD*
is trivial, we define its deformation index d(F) = djg,.

PROPOSITION 2.8. For any morphism ¢ : P3 — X, dy is divisible by 6.
Equivalently, for any F as in the above definition, d(F) is divisible by 6.

PRrROOF. Consider the induced algebra homomorphism in cohomology:
" H*(X,Z) — H*(P?,7),

induced by ¢. By the definition, the induced map at H? is multiplication by d.
Moreover, by [K, Exercise 11.3.E.4], for any i > 0, H?(X,Z) is a free Z-module of
rank 1 generated by the Schubert class €;. Moreover,

1+
€ €5 = ( i )€i+j-

In particular, 6e3 = €;. From this the proposition follows. O

3. Kollar-Peskine problem and the instanton moduli space

Take any morphism ¢ : P? — X, with degree d = ds. Assume that ¢([0,0,0, 1])
is the base point z,:=1-P € X.
Define the map

7 CO\{0} x P! — P3, (x, [\, p]) — [z, p],
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for z € C3\{0} and [\, u] € PL. There is an action of C* on C3\{0} x P! by

z- (z, [\ ) = (zx, [%)\7/1}), for z € C*.
Then, 7 factors through the C*-orbits. Consider the composite morphism
p=¢om:CH\{0} x P* - X.
Observe that ¢(z,0) = z, for any = € C3\{0}, where 0 € P! is the base point [0, 1].

Let Morﬁf(]P’l, X) denote the set of base point preserving morphisms from P! —
X of degree d (taking 0 to x,). Then, by Grothendieck’s result on Hilbert schemes,
Morff(IP’l, X)) acquires the structutre of a complex algebraic variety. Moreover, the
map

¢ : C3\{0} — Mor?(P!, x),
canonically induced from ¢, is a morphism.

Let us consider the embedding P! < P2, [\, u] ~ [, i, 0]. Fix d > 0 and let My
be the set of isomorphism classes of rank two vector bundles V over P? with trivial
determinant and with second Chern class d together with a trivialization of Vjp:.
The isomorphism is required to preserve the trivialization of V over P'. Then, My
has a natural variety structure. Moreover, any bundle V € M, is semistable. (By
[OSS, Chapter I, Lemma 3.2.2], V is trivial on generic lines ¢ C P2. Thus, by [OSS,
Chapter II, Lemma 2.2.1], V is semistable.) We will refer to M, as the Donaldson
moduli space. Donaldson [D] showed that there is a natural diffeomorphism between
M, and the instanton moduli space Zy of Yang-Mills d-instantons over the flat R*
with group SU(2) modulo based gauge equivalence.

Define an action of C* on Mor? (P!, X) via:

(1) (2 - M)A u] = v, 4,

for z € C*, v € Mor(P', X) and [\, u] € P'.
Also, define an action of C* on P? via:

(2) 2 P‘nu'”/] = [Z_IA,‘LL,I/].

This gives rise to an action of C* on My via the pull-back of bundles, i.e., for
V € Mgy, [X] € P2, the fiber of z -V over [X] is given by:

(3) (- V)ix) = Vax-

(Observe that P* < P? is stable under C* and hence the trivialization of Vipr pulls
back to a trivialization.)
Recall the following result from [A, § 2].

PRrROPOSITION 3.1. There is a natural embedding
i: Mor (P, X) — My

as an open subset. Moreover, i is C*-equivariant with respect to the C* actions as
in equations (1) and (3).

The following result summarizes the above discussion.

THEOREM 3.2. To any morphism ¢ : P2 — X of degree d preserving the base
points, there is a canonically associated C*-equivariant morphism (defined above)

¢ : CH{0} = My,
where C* acts on C3\{0} via the multiplication.
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Moreover, ¢ is constant (i.e., d =0) iff ¢ is constant.
We would like to make the following conjecture.

CONJECTURE 3.3. For any d > 0, there does not exist any C*-equivariant
morphism f : C3\{0} — M.

Assuming the validity of the above conjecture, we get the following.

COROLLARY 3.4. Assuming the validity of Conjecture 3.3, there does not exist
any nonconstant morphism ¢ : P2 — X.

Thus, by Theorem 2.5, assuming the validity of Conjecture 3.3, any rank-2
bundle F on P3 x D with trivial determinant, such that Fipsx p= 8 trivial, is itself
trivial.

As a generalization of the above corollary, I would like to make the following
conjecture.

CONJECTURE 3.5. For anyn > 2, let X, be the infinite Grassmannian associ-
ated to the group G = SL(n), i.e., X, := SL(n, K)/SL(n, R). Then, there does not
exist any nonconstant morphism ¢ : PPt — X,

REMARK 3.6. An interesting aspect of this approach is that Question 1.3 in-
volving an arbitrary family of (not necessarily semistable) vector bundles on P? is
reduced to a question about the Donaldson moduli space M, consisting of rank
two semistable bundles on P2,

4. Monad construction of M,

This section recalls an explicit construction of the moduli space M, via the
monad construction. We refer to [OSS, §§3,4, Chap. II] for more details on the
monad construction (see also [B] and [Hu]).

Fix an integer d > 0. Let H, K, L be complex vector spaces of dimensions
d,2d+2, d respectively. By monad one means linear maps parameterized by Z € C3,
depending linearly on Z:

HY% k5%,
such that the composite Bz 0 Ay = 0, for all Z € C3. The monad is said to be
nondegenerate if for all Z € C3\ {0}, Bz is surjective and Az is injective. In this
case, we get a vector bundle on P? with fiber at the line [Z] the vector space

E(A,B) :=KerBz/Im Ay.

Then, any rank-2 bundle on P? with the second Chern class d, which is trivial on
some line, is isomorphic with £(A4, B), for some monad (A, B). Moreover, such a
monad (A, B) is unique up to the action of GL(H) x GL(K) x GL(L). Let [A, u, V]
be the homogeneous coordinates on P2. If we only consider bundles on P? trivial
on the fixed line v = 0, the condition on the corresponding monad is that the
composite ByA,, = —B,, Ay is an isomorphism, where (for Z = (A, p1,v))

Az == AN+ A, p+ Ay, and By := B\ + B, + Byv.

In the following, ¢ denotes the transpose, Igxq denotes the identity matrix of size
d x d, 0gxq denotes the zero matrix of size d X d and «, 8,a and b are matrices of
indicated sizes. For such bundles (i.e., rank-2 bundles on P? with the second Chern
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class d, which are trivial on the line v = 0), using the action of GL(H) x GL(K) x
GL(L), one can choose bases for H, K, L so that the maps are given as follows:

Ay = (Idxd,odxd;OdXZ)taAu = (ded,fdxd,odxz)t,Au = (atdxdaﬂéxdaadw)t,

By = (0dxd; Laxd, 0ax2), By = (—Iaxd; Oaxds Oax2), By = (—Baxd, ¥axd; bax2),
and the following condition is satisfied:
B, A, =0, which is equivalent to the condition [a, 8] + ba’ = 0.

The restriction of the bundle £(A, B) to the line v = 0 has a standard frame given
by the last 2 basis vectors of K ~ C24+2,

For any d > 0, let S, be the closed subvariety of matrices (a, 3, a,b) such that
a, B are d x d matrices and a, b are d X 2 matrices and they satisfy:

(1) [a, B] + ba' = 0.

Let S4 be the open subset of Sy satisfying, in addition, the following condition:

(2) For all \,u € C, (at + Mgxa, Bt + uIdxd,a)t is injective and (—(6 +
wlasa), @+ Maxa, b) is surjective.

We recall the following result due to Barth from [D, Proposition 1].

THEOREM 4.1. For any d > 0, the variety My is isomorphic with the quotient
of the variety Sq by the action of GL(d) under:

g+ (. B,a,b) = (gag™', 989", (97")"a, gb),
for g € GL(d), and (o, B,a,b) € Sy.
REMARK 4.2. The affine variety Sy is stable under the above action of GL(d).

Moreover, the open subset of stable points of Sy (under the GL(d)-action) is pre-
cisely equal to Sy (cf. [D, Lemma on page 458 and its proof]).

LEMMA 4.3. Under the above isomorphism of the variety My with the quotient
of Sq by GL(d), the action of C* transports to the action:

z- (o, B,a,b) = (zq, 8, za,b), forzeC*, (a,f,a,b) €Sy.
PROOF. The C*-action on My via the pull-back corresponds to the bundle:
Ker(27'ABy + uB,, + vB,) ~ Ker(—plgxq — vp, 27Ny + va, vb)
Im(z=1AAy + pd, +vA,) Im((z—l)\ldxd +vat, ulygxqg + voe, ua)t)

~ Ker(—plaxqg — vfB, 27 Maxa + vo, vb)
N Im(()\Idxd + zvat, zpulgwg + zv 6t zua)t) ’

Changing the basis in C242 = C? x C? x C2 in the second factor to {ze; }1<;<d,
where {e;} is the original basis, we get that the last term in the above equation is
equal to
Ker(—plgxa — vB, Maxa + zva, vb)
Im((/\Idxd + zvat, plywg + vPt, zua)t) '

This proves the lemma. O
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